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EQUATIONS  OP  ANISOTROPIC  PLATE  THEORY 
V.  V.  Ponyatovskiy 

In  this  paper  the  method  of  [1]  is  used  to  construct  a  theory  of 
anisotrop\c  plates.  It  is  assumed  that  the  plate  is  elastically 
uniform  through  its  thickness  and  has  at  every  point  a  plane  of  elas¬ 
tic  symmetry  parallel  to  the  median  plane.  As  is  known,  in  this  case 
the  problem  of  the  stresses  in  the  plate  breaks  down  into  two  indepen¬ 
dent  problems  which  are  symmetric  and  antisymmetric  with  respect  to 
the  median  plane,  respectively. 

The  equations  of  the  bending  problem  for  transversely  isotropic 
plates  are  examined  in  detail.  In  this  case,  the  stress  state  is 
represented  as  the  sum  of  two  qualitatively  different  stress  states: 
"rotational"  and  "potential"  [2]. 

To  solve  the  bending  problem  we  use  asymptotic  integration  of 
differential  equations  with  a  small  parameter  in  the  derivatives 
[3,4]. 

5  1.  Three-dimensional  Problem  Formulation. 

Basic  Relations 

1.  We  refer  the  plate  median  plane  to  the  arbitrary  curvilinear 
1  2 

coordinates  x  ,  x  and  denote  by  g  .  the  metric  tensor  of  the  median 

a  p 

plane  in  these  coordinates.  Let  z  be  the  distance  of  any  point  of 
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the  plate  to  the  median  plane, so  that 


where  2h  is  the  plate  thicwness,  which  we  will  consider  constant 
We  denote  the  components  of  the  stress  tensor  and  the  deformations 
by  "«!'  \z  ’  ‘  c  ZZ 


zz 


a  and  e  „  e 

a6 ,  az 


j  ««  v*  zz 

respectively.  Here  and  in  the  following  the  Greek  Indices  of  a  tens01 
symbol  take  the  values  1,  2. 


e  , 


We  assume  that  the  material  from  which  the  plate  is  made  obeys 
the  generalized  Hooke's  law  and  at  every  point  has  a  plane  of  elastic 
symmetry  parallel  to  the  median  plane.  In  this  case  the  Hooke's 
law  formulas  are  written  as 

*•=*•» a*,  e=«*,o+0,  (1.1) 

where  aagirp,  aag,  a,  b^  are  the  deformation  coefficients.  In 
1  2 

the  plane  x  ,  x  aa0irp  Is  a  tensor  which  is  symmetric  relative  to 

both  the  first  and  last  two  indices  and  also  their  pairs;  aa0  and  ba 

are  symmetric  tensors  and  a  is  a  scalar.  In  the  following  we  assume3 
that  the  deformation  coefficients  are  independent  of  z. 


In  the  absence  of  mass  forces,  the  equilibrium  equations  have 
the  form 

V|°*,  +  T7'=°.  V.«*  +  £=0,  {12) 

where  is  the  symbol  of  covariant  differentiation  in  the 

metric  established  in  the  median  plane.  The  static  boundary  conditions 

9|f-±*=*T^'  (1.3) 

will  be  given  at  the  boundaries  of  the  plate  surfaces  z  =  ±h,  where 
q  ■  q  (x  ,  x  )  gives  the  lead  on  the  surfaces  z  *  +h,  which  is 
symmetric  relative  to  the  median  plane,  while  p  =  p  (x1,  x2)  gives  the 
antisymmetric  load. 
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2.  We  represent  the  plate  stresses  »ae  in  the  form  of  Legendre 
polynomial  series  in  the  variable  ?  “  ^  »  and  retain  in  these  series 
a  finite  number  of  terms 


Pkt). 


(1-4) 


The  expansion  coefficients,  which  in  the  following  we  will  call  k-th 
order  "moments",  are  unknown  functions  of  a  point  of  the  plate  median 
plane . 

Substituting  (1-4)  into  the  equilibrium  equation  (1.2)  and 
integrating  the  resulting  equations  with  respect  to  z  with  account 
for  the  boundary  conditions  (l*3)j  we  obtain  the  expressions  for 
the  remaining  stresses 


* 5=1 *  2  (sF+3  “  5T^l)  Pk 

*-o 

0==  f :  ~  + **  [gy  jSSvLT)  “ 


(1.5) 


and  the  equations 


1km 

-rv.v,«7f,+P=o- 


(1.6) 


In  (1.5)  we  have  used  the  notations 


aT*)=v?«S,. 

9,»>=V.sW=V.?38ft.  *  =  2,  3 . N, 

3uo=0,  *=0,  1. 


(1.7) 


d  6 

Moreover,  here  and  below  we  shall  consider  that  a  s  Q  for  k  <  0 
and  k  >  N.  k 


3.  We  note  that,  by  virtue  of  the  orthogonality  of  the  Legendre 
polynomials,  the  zero  and  first  order  "moments"  are  Pro“ 

portlonal  to  the  conventional  forces  and  moments  T  r  ,  M  „ 
y  ag 
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^gJgWRllg8IC;«MW 


I)  * 

r*=  ^dz=2h^,  M^—  $z'*dz=2£cy. 


(1-8) 


(k) 


However,  "moments"  of  higher  order  o ^  (k>  1)  define  stresses  which 

a  p 

are  self-equilibrating  through  the  plate  thickness. 


Similarly, 

is  proportional  to  the  shearing  force  N 


7V.  =  j 


(1-9) 


(1.10) 


,  (k) 


while  '  (k  /  1)  defines  the  self-equilibrating  tangential  sti^sses. 
We  see  from  (1.8),  1*10)  that  (1-9)  and  (1-6)  are  simply  the  uuual 
plate  equilibrium  equations  in  terms  of  forces  and  moments. 

S  2.  Application  of  the  Castigliano  Principle 

to  the  Derivation  of  Plate  Theory  Equations 

1.  We  introduce  the  plate  deformation  potential  energy 

* 


n=y  jjj  j,(«‘,#.#+2«**.  +  ae)  dz  Vgdx'dx*, 


(2  .1) 


i=Kugtx-gl. 


N 


is* 


where  the  double  integral  is  taken  over  the  entire  median  plane  of 
the  plate. 

Substituting  (1.1),  (1-4),  (1-5)  into  (2-1)  and  integrating 
with  respect  to  z  we  obc.iin 
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n~AJ*J  [  (2* - 7) (24  -7) (24 -5) (2*-l)(24  +  I) 


(24-fc)(i4-J)(24-l)(24+l)(24  +  3)  + 

^  i 

' (2jk-3)(74-l)(24  +  i)  ^  , 
*«.»«&*(?)  .  ^a^(e(k)a‘l)  +  *(li)  »(>)) 


.  *  ^  *<fr  +  V*?-*)*!*) 

+  “(24  -  3)(24-l)(24+l) 


aF+T 


h(24-l)<24+l)(24  +  3)' 
**  «»<»)«!*) 


w\  f  I  w  •  W  I 

'(24-l)(M  +  l)(24  +  3)'t‘ 


24«4, 


. - - g»  !■> _ _ _ —  '#*(>»«)*?»  . 

T  (2*  -  3)  (2*  -  1)  124+1)  {2* +  3)  {2* +  6)  (24+  1)  (24  +  3)  (24  +  5)  f 

,  **  *«j  (81>  f»  +  "(t+T)  *)») 

+  (24+1)  (24  +  4)  (24  +  5) 

_ W  **»+!)*(» _ I 

(24-1)  (24+  1)  (24  +  3)  (24  +  5)  (24  +  7)  T 

, _ _ 1 

'T  (24  +  1)  (24  +  3)  (24  ~  5)  (24  +  7)  (24  +  9)  J  *  *ux  *r 

+ S’ a *»  — m a **»>  ] V* dxt  ** + con*t- 


(2.2) 


The  energy  expression  is  written  so  that,  to  obtain  its  variation 
611,  we  must  in  each  term  of  the  integrands  place  the  variation  sign 
6  in  front  of  the  last  cofactor  and  then  double  the  first  integral. 


Let  us  minimize  the  expression  for  the  potential  energy  with 
the  aid  of  the  equilibrium  equations  (1-6),  which  play  the  role  of 
auxiliary  conditions.  In  order  to  take  these  auxiliary  conditions 
into  account,  we  use  the  Lagrange  multiplier  method.  We  multiply 
(1.6)  by  2hua  and  w,  respectively,  and  substitute  the  results  into 
the  integrand  of  (2.2).  We  obtain  the  functional 

/=  II  +  jj[M «.v, 3  +  (^  V.  V, %  +*)»]/* Mx'.  (2.3) 

The  Lagrange  multipliers  uq  are  the  covariant  components  of  the 
characteristic  tangential  displacement  and  w  is  the  characteristic 
deflection  [5],  In  classical  thin  plate  theory  u-^Ug,  w  are  the 
components  of  the  displacement  vector  of  a  point  of  the  median  plane. 

For  convenience  in  writing  the  subsequent  formulas,  we  introduce 
the  notations: 
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+\)+ -  (»  -  irerf  ft** + S) + 

+lBrdrS?S?ff+i54'SS^  <A=r0-  >• 2'  --  *>; 

*bm<*  #*— &:/»«*,=<>.* >3; 


<***•&> 

i+(ir-i5^TmJ*+J)“ 

{*«=!.  2.  ....  iV); 

«*“0,  ; 

_  •  _ 

*»>*  ~ 

-  (*-!)(*-  + 1)  ^ + »  +&r^w--\)tlik +1)- 

+ S)  ~  (»  -  dp*  Tire*  fore* + sus*  ^  + 

(***2.  3,  ....  N); 

pn~Pm’  **m  =?m — T^» •  ^h)=0;^w =*m:  ^w3*0*  *>5- 


(2.4) 


With  the  aid  of  these  notations  the  variation  of  functional  (2.3) 
may  be  written  as 

»  /=S*g  J  J  («i}»  *  <tf, + «w  V.  V,  *<&+«?>  V,  *  «&)!'*  **'  dx\  ^  ^ 


Equating  &I  to  zero,  after  the  usual  transformations  we  obtain  the 
following  variational  equation: 


+ Jj  -  77  "*)  *  w, «.  n>) + 

+(*?*'- is  *j* {*$>*- 5?)  +  uw 4 (*r*» «.)] * = o- 


(2.6) 
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Here  no,  n°  are  the  covariant  and  contravariant  components  of  the 
vector  of  the  unit  outward  normal  to  the  contour  of  the  region 
occupied  by  the  plate  median  plane;  s^,  sa  are  the  components  of  the 
unit  tangential  vector,  whose  direction  coincides  with  the  direction 
of  integration  along  the  region  boundary;  ds  is  the  contour  length 
element. 


Variational  equation  (2.6)  leads  to  the  differential  equations 
(compatability  equations) 

\  (?,  «?> + + V.Vp«w = 0 

(2.7; 


and  the  homogeneous  geometric  boundary  conditions 

«w=0. 

The  corresponding  sta/tic  boundary  conditions  are 


(2.8) 


=^•2.’.  (2.9) 

By  virtue  of  the  assumption  of  elastic  symmetry,  the  stress  state 
of  the  plate  may  be  considered  as  the  sum  of  two  stress  states,  one 
of  which  is  symmetric,  while  the  other  is  antisymmetric  with  respect 
to  the  median  plane.  Correspondingly,  we  have  two  independent 
problems:  stretching  and  bending  of  the  plate,  for  which  the  equations 
and  boundary  conditions  are  obtained  from  the  problems  presented 
above  for  even  and  odd  k,  respectively. 


2.  The  compatibility  equations  (2-7)  may  be  derived  by  inte 
grating  the  Hooke's  law  equations  with  respect  to  z  after  first 
writing  them  in  the  form: 


-jj  =  a«# a* + aa, 

{■  (V,«>+  V,v.) =0. 


(2.10) 


where  (viv2>v)  ls  the  disPlacement  vector  of  an  arbitrary  point  of 
the  plate. 


DiSDlacements  vq  and  v  can  be  determined  if  we  integrate  the 
first  two  equations  (2.10)  with  respect  to  z,  after  first  substituting 


i  _ 


« 
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Into  them  the  expressions  (1.4)  and  (1.5)  for  the  stresses.  Substi¬ 
tuting  the  displacements  va  thus  found  into  the  third  equation  and 
expanding  the  left  side  into  a  series  in  Legendre  polynomials,  we 

•  obtain  equations  of  the  form  (2.7).  The  variational  method  has  the 
advantage  that  it  permits  obtaining  simultaneously  the  natural 
geometric  boundary  conditions. 

*  §3.  Bending  Equations  for  a  Homogeneous 

Transversely  Isotropic  Pj.ate. 


1.  Consider  a  transversely  isotropic  homogeneous  plate  whose 
plane  of  isotropy  coincides  with  the  median  plane.  Let  E  be  Young's 
■odulus  for  the  directions  in  the  plane  of  isotropy;  E_  is  Young's 
■odulus  for  the  directions  perpendicular  to  the  plane  of  isotropy; 
v  Is  Poisson' 8  ratio,  characterizing  the  contraction  in  the  plane 
of  isotropy  for  stretch  in  this  same  plane;  v_  is  Poisson's  ratio 
characterizing  the  contraction  in  the  plane  of  isotropy  for  stretch 
in  the  direction  perpendicular  to  this  plane;  G  is  the  shear  modulus 
for  planes  normal  to  the  isotropy  plane. 


The  deformation  coefficient  tensor  has  the  form 

•**= T  l*1 

a~TT,[ 


(3.1) 


We  rewrite  the  equilibrium  equations  (1.6)  for  the  case  of 
plate  bending  and  the  compatibility  equations  (2.7),  substituting 
therein  the  deformation  coefficients  from  (3.1) 

TW4)+^=0’. 

—  **  •  ' + 7-  *.vp »  -  ins  M  l <,)) + 

+ 4s ’  m  “  Tt ’ 't®  =T 

E  **?•?»  *(»-4) 

PT  (51  —  t) (2i  —  J) (1*  —  a) (1*  —  l) (1* 1 )  - 

E  ■ _ *»V.  _ 

PJ'  (Xk  —  5)  (2*  —  3)  (2>  —  1 )  (2i+l)(U f  3)  “ 

T,'  (3A  — 3)(2*—  l)(l*-r  1)  *"  JO ' (2*- 3) (4*- l)(2*+  l) r  (3 

,  ,  E  2»x**(v.  Tp<(*,+ ^5,*,) 

‘  EF+l  l"P7'  (2*- 1) (2* 4- 0(2*  +  3) 

(.Continued  on  following  page) 
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(Continued  from  preceding  page) 


£ 

"2T(3r 


»-!)(&+ 1)<2*  +  3)  + 

W-3)Clk-l)(»+ W  +  3)(4*  +  i)  + 

(S+i)(4*+3)(ii-i-4)  ^  ((5*4- i)<i*+ i)(i£ +4) 

^r*T^-l)(i*  +  l)tJ*4-3)(5*+4)(l*4-7)  T  * 

■  £  •<*+« 

£j  5* 4- 1  Wn-Ys (i*  —  3) (2*  —  ij^J* ~ i)  (*=3>  5, ....  AO* 


(3*2) 


The  geometric  boundary  conditions  (2*8)  for  the  transversely 
isotropic  plate  take  the  form: 

TO<,,""~T Sjb?'*'”4  ;^'f,=0- 
to  4?  r  —  ito  **  ~  4  •  £  ** = °* 

•=o, 

“  ^p^m~-S)(^)W=T)XU  +T  ‘  *  +  ✓ 

4*  #*c*-*» 

+ -D  (i*  -  IF (5*  -  i)  (5*  +  i)  (It  +  4,  •  ~tF~  Vt 

+(tt-  i)(i*- 1)(4*+  ofe- + 

+ (5*  - 15  (l*+ 1)  (2*4-3)  (i  <“'r  -  "’)  - 

«» _ 

T.  (3*  -  3)  (2* -I)  (24+1)  m +  3)  (2* +  5)  "77 

+  (»+lHJ*+4)(5*  +  i)  fe S-9?**’"*)  + 
+-Z,(a*-b(5*-i-0(54*+i)(4*  +  5)(S*H-T)  O^) 

Z;,(5*  +  1)  (2*  +  3)  (2*  +  5)  (4*  +  7)  (2*  ~  9)  £T"  "*  — 

X*  *PW 

~17<4*-4)<5*~i)<2*+ t)-—  «*=°  («’—*•). 

(*  =  3,  5,  ...,  AO. 


(Continued  on  following  page) 
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(Continued  from  preceding,  page) 


The  symbol  (n°  *  s°)  indicates  that  the  relation  obtained  from 
the  given  expression  by  replacement  of  na  by  sa  holds. 


2.  Let  us  introduce  the  stress  functions.  To  do  this,  we 

(k)  (k)  (k) 

divide  the  vector  a  into  potential  and  rotational  parts  t  ,  t 

a  .  a  o 

such  that 


*»= =  (*=1.3 . N). 


(3-3) 


The  latter  may  be  expressed  in  terms  of  the  scalar  functions  *(jc)>“(ic) 
by  the  formulas 


=  •?.  V, (*=  1.  3 . AO. 

B 

where  e  is  the  mixed  form  of  the  discriminant  tensor  e  -  [*>] 
•  a  op 

•u=*n=0,  «, t—^*n=Vg- 

From  (3*3),  (3.4)  we  have  (A  *  g°^  V  V) 

a  p 

?.f ,+V,^>=2v.  V,®w+ V.(«*,  V.-w  +  V,  »„>). 

V,^)  =  A^jj  (*  — 1*  3,  AO. 


(3-4) 


(3-5) 


(3-6) 


Substituting  (3-6)  into  (3. 2), we  obtain 
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0, 

(I + <)  (•£* — <2/)  —  ’  •:  m  i  £* _ £  J*_  _  ~  . 

-  I  - u+t  v.v,«— g-.-Tj-r.  v,«tn  + 

.  £  JF  _  £  <it*  .  A  »,  £ 

£  ~  **f«T|A*U-41 

‘Jf*V-*)(b-»)0*-»)P»-i)(»+i) 

SHU-  S)(l»  - 1)  <i*T  i)  (1*+ sj-  - 

£  *<«(va7»<&k-lt  +  f«»8*ft-*t)  ,  £  **7.71  •(*-*) 

--5 — -TOTlr  +  -  i)<l++l) 

.  <•+*)(«!?- <30 -  **.,•:<« .  £  *»*(*. v,«:  a> + 

f - *TFfl - ^+Y/--yz,)SPl)tfn^ 

o  pt  »H» +  0(^+3)  I 

TT"  - itiul Itm j.4tiUx A  • 


+U*  (U -  - 1) (i*+ i)<2* +  S)  (i± + S)  + 

***«*?*<>♦>  £  *»«(y«y»< g»«+  £4 **u+») 

TTWi+5laT5  5  (2*+l)(2*  +  j)(5+5) 

£ _ ***  y«y»  **<>+n _ , 

P*-l)(u4-l)(«  +  3)(P*4-5)(2*  +  7)  + 

+  1S*  C»+l)(»+3)(i+5)(»  +  7)(2*+9)  - 

_  /*_*  c  1 


+  5<l 


“ yitlMw“g (ii-i) 5 - 1$*  +  1)  (*=3’  5*  •'••* 1 


where  denotes  the  symmetric  tensor 


n*  ^HvaKvM)) 


V  _  OF 

ff+1 - T(T+*)<J  (2*-S)0*-l)(2*  +  l) 

£*  •  V.  (•!>?.■*»)+  *«rrt») 

T  fT+^3  *  15*- \m+ 0(2*+ 4) — 

£**  y.^T.-a+M  +  'Vi-o+a)  - 

J(t+*)d  (a*+iH2*+i)(^*+8)  '  *' 

(k) 

We  require  that  the  tensor  T^e  satisfy  the  equation 

Vj,J)==-<a) a=*^Vj*,a)  (^=l«,3i  •••»  ^0- 

Then  in  accordance  with  (3*8) 


*£<£. y»8»g-n  ,  ^.yy-qt 

Ul+»)0(l*-3)(2*-i)(2*  +  l)  ~r  2k+\ 

*£«?.7»H« 

—(\4.*jG(lk —l)(» + i)  (1* +3)  ^ 

*£«?«y>  *•<*+«  _n 

+  5<14^<3(5*  +  i)  (W  +  S)  +TT  ~~  u‘ 
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Me  convolve  the  left  side  of  this  equality  with  respect  to  a  with 
the  tensor  e^a.  Considering  that 

we  integrate  the  resulting  equalities  and  drop  the  nonessential 
abrltrary  constant.  We  obtain  the  following  equations  for  determining 
the  functions 


EW4-,m 


0(4* -I 


sfnnsrij  + 

-0  (*«!,  3,  ....  N)- 


(3*10) 


We  further  take 


(*=  1.3,...,  TV). 


Thus,  from  (3-3)»  (3-4)  we  have 


Moreover,  by  virtue  of  (3-8) 


*Sm=Gt »*. 


(3.11) 


(3.12) 


(3-13) 


It  follows  from  (3-11)  and  (3-13)  that  (3-7)  may  be  considered  as 

( k ) 

the  equations  which  determine  the  tensors  tag  . 

(k) 

Thus  we  have  a  representation  of  the  tensor  oQg  as  the  sum  of 
two  independent  tensors  and  t*g}.  The  former  is  defined  by 

(3.8),  in  which  the  scalar  functions  must  satisfy  (3-10),  and 

Is  characterized  by  the  fact  that  t®^)  *  0  and  the  vector  vgi“k) 

are  solenoidal.  The  second  tensor  t^  is  characterized  only  by  the 
property  that  its  divergence  Vgt“*^  is  a  potential  vector. 

We  shall  designate  the  stress  states  corresponding  to  the 


tensors  t  ^  and  t^  as  "rotational"  and  "potential"  [2] 
ap  ap 
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We  express  the  "moments"  t^  of  the  "potential"  stress  state 
in  terms  of  the  stress  functions  4*^  and  the  deflection  function  w, 
and  we  derive  the  differential  equations  for  determining  these 
functions.  For  simplicity,  we  set  p  *  0  and  denote  (3*7)  briefly 
as 

A®(.)=0,  L$= 0  (*  =  !,  3,  ....  AO  (3-14) 

(L^  is  a  symmetric  tensor), 
afj 

We  form  the  equalities  ?pL„(k)  *  0  and  integrate  them,  discarding 
the  nonessential  arbitrary  constant.  We  obtain  the  equations 


1  + 


1  •(« — y  (i)  +  “  + W  (i  —  ■£■)  = °’ 


Tt- lu-rm-Silw-mk  -  r>{2* + o 


<*-J> 


“  -  Jni*  - 1 )  (2* + 1 )  (i> + 3) 

£  (*-n l  £  **  _ i 

£r" (1A— 3)(2*—  I)(1A+ 1)  *  a  "(5F— i)(2A—  l)(2A+l)’t* 

+i+T®w  ”  5*TT<  m  + 

.  E  +  E 

+-5'gF-i)(i+Tr{«+S)~'zr‘  -  »(i* + «xtt+ jj+ 

,e  _ _ «*■**♦»)  , 

+1T  <2*-3)(2*-l)(2*+l){2*  +  3)(2*  +  5)  + 

I  E  **  _  e  ***«  (**? 

+Tr'llA+*)(2A+3)(»  +  5)  +  l)(2*  +  3)(i*+3) 

£  4JH  litf.  n 

“  U '  <2*  -  I)  (2*  +  h(U+3)(2*  +  5)(2*  +  7)  + 

+  *T  (4*+l)(2*  +  3)(2*+%»  +  7)C2*  +  i)  =0 
(4=3,  5,  . .  .i  AO* 


(3-15) 


Subtracting  from  these  equations  the  equalities  =  0  we  obtain 


(3-16) 


Excluding  t“(R)  ■  °a(k)  froin  (3-15)  with  the  aid  of  these  relations, 
we  obtain  the  following  system  of  equations  for  finding  the  functions 

W’  *00 
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*»*•+« -.>>•«,+  «.  1#w=0. 

B  /.  E  _t\  *•  A  A*^' 

"5a  W  "ft* -Y)  (i*  -  &>(»-  3)(2>  -  ijxsr+nrj* — 

^0  ~  ^  la--  i)  ^  -*>)  &. + 1 )  (a + ^ + 

+ (4  -  2*  ( 1 + ’>  -£)  3*  _  + irrr ®*>  - 

~  (4~  fr*  < 1 + »)  -£)  -g-i  )(S  +  g  (i>+ 3) + 

j  e /,  £a\  At*  a  A*ni 

“A  ?T  V15r-ft(i*-i)^+i){2*+3)(i*+^  + 

+(4“a*»(I +*>  Tz){W+  h&+t}fr+i)- 

B  (.  E  _»\  4***4*ft  - 

*Ev  %  V  U*-i)(2i  + 1) (it  +  3>'(5+ li(ik+l)  + 

+'e(i  -^)  75+ o(it*4-a>  (tt+KS*  'nrm+w~° 

(**3,  5 . Af — 2); 


(3.171) 


(3*172) 


For  k  -  N,  the  following  term  is  added  to  the  left  side  of  (3-172) 

W  V  iW+l/(iw+Si»(  w+4)- 

To  obtain  the  formulas  expressing  the  moments  t^  in  terms  of 

the  scalar  functions  .  and  »(k),  we  must  exclude  t“  ”  from  (3,7) 
with  the  aid  of  (3.16).  We  obtain  the- formulas 


«+<=-«  ,.,,-+wi  +-)*w*m+4 

-i(? 

+(4-*-.C.+4^)Si=^!^r_15_ 

—fMi+ -iri**  V  */iT*Tf  *o+v)  * 

**  'i»=W=TO+TT  ~  -&fr  *,»,  - 

-l4--2v.M4-w^-£] _ **  *■*»•»! 

\«  -r  J  17/ (2*-i)(37i+ 1)(2*  +  3)  -+ 


(3*181) 


(3.182) 


(Continued  on  following  page) 
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(Continued  from  preceding  page) 


.  b  ...  .  ...  , 

+  T5**U  +’)i5HnulH:TT(3FT3j+ 

.  e  I.  _  e  Jt\  T»^U> 

+  17l!  V  C^-3)(*»-l)<2*+l)(3*  +  3)(2 

,  /«  \  **.*>♦<»+« 

* It-"2**'1  i)(«rjy(3jnF3 

g 

+  *^+l)(juk  +  3)(»+l) 

B  (.  B  j\  ****•«»**<*+« 


+£('-■ s’!) 


k  +I)(M  +  3)  (2»  +  4Htt~ 
**y«y>^o»4) 
k  +  3)(2*  +  5)<2A  +  7)(2* 

(*— 3,  5, 


!U2>-f-7) 


(3-i82) 


/V-2); 


For  k  *  N,  the  following  term  is  added  to  the  left  side  of  ( 3* l82 ) 


Reissner's  plate  theory  equations  [7,  8]  are  obtained  from  the 
relations  obtained  in  this  section  for  N  =  1.  Therefore,  the  present 
theory  may  be  considered  to  be  a  generalization  of  Reissner’s  theory. 

The  plate  bending  theory  equations,  which  are  obtained  from  the 
relations  above  for  N  =  3,  include  all  the  correction  terms  for 
classical  theory  which  were  obtained  in  [9»  10]  and  also  include  some 
others  which  permit  the  establishment  of  more  general  boundary  con¬ 
ditions  than  those  of  [9,  10]. 

S  4.  Asymptotic  Integration  of  the  Bending 
Equations  for  Transversely  Isotropic 
Plates 

1.  We  can  use  the  method  of  asymptotic  integration  of  differen- 
tail  equations  with  a  small  parameter  in  the  derivatives  [3,  4]  to 
solve  the  problem  of  transversely  isotropic  plate  bending. 
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We  take  as  the  small  parameter  the  plate  half-thickness  h, 
considering  it  a  small  quantity  in  comparison  with  the  characteristic 
linear  dimension  a  of  the  plate  median  plane. 

Hereafter,  it  is  assumed  everywhere  that  the  problem  parameters 
and  the  desired  solution  are  sufficiently  smooth  point  functions  of 
1  the  plate  median  plane. 

The  integrals  of  (3*2)  which  are  not  rapidly  varying  (regular 
part  of  the  asymptotic  solution)  are  sought  with  the  aid  of  the 
usual  small  parameter  method.  Namely,  setting 

and  substituting  (4—1)  into  (3*2),  we  require  that  the  coefficients 
of  like  powers  of  h  be  the  same  in  the  left  and  right  sides.  Then  we 

f  s }  ( s ) 

....  .  .  .  .  '  'fk)  '  a  recursive  sequence  of  sets  of 

obtain  for  determining  a  w 

Cm  P 

equations,  each  of  which  is  equivalent  to  a  single  biharmonic  equation 

(s) 

for  the  function  w. 

The  equations  for  the  first  throe  approximations  follow  : 

%=0  <*>lh 

Wo)-1-  ■¥==0* 

0 


where 


%=0  (*>1), 

▼.Vrff,=0. 

<»+*)%-  = 0; 


(4 •21) 


W  W, 
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3?=0  (*>3). 

(i + »)  % — •  ft*.  v,?,,, 

v.v5>=°* 

(i +»)%— +£*.*,«  - 

-  £r  ( + vH +1^-27  f 

2.  The  integrals  (4.1),  (4-2)  can  be  subjected  to  only  two 
boundary  conditions  at  che  edge  of  the  plate.  In  order  to  obtain  a 
sufficiently  broad  class  of  solutions  which  permit  satisfying  all 
the  boundary  conditions  at  the  plate  edge,  we  must  introduce  into 
consideration  integrals  of  the  homogeneous  equation  (3*2)  of  the  boun¬ 
dary  layer  type  [3]*  These  Integrals,  differing  markedly  from  zero 
only  near  the  boundary  r  of  the  plate  median  plane,  disappear  rapidly 
with  increasing  distance  from  the  boundary  into  the  depth  of  the 
region.  For  their  construction  we  use  a  small  parameter  method  which 
is  based  on  a  different  expansion  of  the  differential  operators  in 
powers  of  the  small  parameter  h  than  thau  used  in  S  3i  this  decomposi¬ 
tion  holds  only  in  a  small  vicinity  of  the  boundary  r  [3]* 

In  order  to  obtain  this  decomposition , we  Introduce  in  the  vicinity 

of  the  boundary  r  of  the  region  occupied  by  the  plate  median  plane, a 

1  2 

local  orthogonal  coordinate  system  x  *  r,  x  =  s.  Here  r  is  the 
distance  measured  from  points  of  the  curve  r  along  the  inward  normal, 
and  s  is  the  arc  length  of  the  contour  r,  whose  direction  is  taken 
opposite  that  of  the  unit  tangent  vector  sa  (see  (2-6),  (2.8),  (2-9)). 

We  denote  by  R  =  R(s)  the  radius  of  curvature  of  the  curve  r 
and  consider  it  positive  at  points  of  convexity  and  negative  at  points 
of  concavity  of  the  region  occupied  by  the  plate  median  plane. 
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I 


«  „  °Ut  thC  eXpre8slona  fo”  the  components  of  the  metric 

and  dscriminant  tensors  and  the  second-order  Christoffel  symbols 

a6  the  local  coordinate  system  which  we  have  introduced 

**=*0.  *»=(i  -£J, 

*.*0. 


fl,=r,"r”=0 


(4*3) 


tlal  °btSln  the  f0ll0Wlng  eXPreSSl°nS  «»  differen- 

a  8 


■0k  & 


C4.il) 


and  the  expression  for  the  Laplace  operator 


I 

■  tl 

L  t 

t  1 

1  i 

L 

*) 

(4-5) 

The  coefficients  In  (4.4),  (4.5)  may  be  expanded  In  the  vicinity  of  the 

rr  rveries  tn  powers  °f  -  «*• 

“glns  the  lndependent  variable  r  by  means  of  the  formula 

r~kt,  (4.6) 

(4  4W4  ^e,fOUO,ang  decompositions  for  the  differentia!  operations 
.5)  in  powers  of  h.: 


.*■**«£. 

f»+*S+.... 

•"-z-ii+viz-ii 


(4-7) 
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Using  the  last  formula  (4*7)  we  can  obtain  the  decomposition  of  the 
biharmonic  operator  in  powers  of  h 


^44*sJF"T,JF+' 


(4.8) 


3*  We  construct  the  boundary  layer  type  integrals  by  starting 
from  the  equations  which  the  functions  and  must  satisfy. 

We  first  turn  to  the  equations  (3*10)  for  determining  the  functions 
and  construct  the  rotational  boundary  layer. 


Let  D  =  ||  d41c||  be  a  diagonal  matrix  and  A  *  j|allc|  a 
symmetric  codiagonal  matrix 

J7Z7T •  i  +  k,  l,  *=•,  2<  3,'...,  — j— —M, 

2  _  _ l 

au~  (4i-S)(«-l)(4*+ i)  •  *“+»** 

au+k  =0.  *>1. 


(4r9) 


Then(3*10)  may  be  written  as 


where  u  denotes  the  vector 


•  a=(*<i)f  •«.  '♦  •  • »  •(*>)■ 


(4-10) 


(4.11) 


If  in  (4.10)  we  expand  the  Laplace  operator  in  powers  of  h  in  accor¬ 
dance  with  (4-7)  and  use  the  small  parameter  method,  setting 


ms=A»(m  -f- aL’-J- ..J 


(4-12) 


(a  —  is  an  as-yet-undefined  integer)  we  obtain  a  recursive  system 
of  ordinary  linear  differential  equations  with  constant  coefficients. 
It  is  required  of  the  solutions  of  these  equations  that  they  have  the 
boundary  layer  nature,  i.e.,  they  approach  zero  together  with  their 
derivatives  as  Therefore,  to  construct  these  solutions, we  use 

the  fundamental  solutions  of  the  homogeneous  equations,  which 
correspond  to  negative  roots  of  the  characteristic  equation,  and  the 
particular  solutions  (of  the  boundary  layer  type)  of  the  inhomogeneous 
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equations,  which  can  be  constructed  by  the  method  of  undetermined 
coefficients  [3]. 

Thus,  in  the  s-th  approximation  (s  =  0,  1,  2,  ...)  we  obtain 


where 


!  2  R+5  (*)]  exp  (_  ( 


are  positive  roots.' of  the  equation 


\D — i*A|=0; 


(4-13) 


(4.14) 


(4-15) 


(a) 

0^  is  a  nonzero  vector  satisfying  the  equation 

(a)  (0-iM)b4=O;  (J|..i6) 

and,  finally,  C^(t)  is  a  vector  whose  components  are  polynomials 
in  t  of  order  no  higher  than  s. 

After  finding  u,we  can  use  (3*8),  (3-9)  to  obtain  the  expan- 
(k)  (k) 

slons  of  h  t  ^  and  t  a  '  in  powers  of  h.  After  some  transformations 
using  (4-l6),  we  have  (only  the  first  terms  of  these  expansions  are 
written  out  below) 

t.i=WS).  . tf1)- 

#'■>(-  |/'2+32M)+.. 

-2*'“  VmW‘-<‘)+ 

.1" . «= 

— 1 ^2#«p(-v^S"v)+...  • 


(4  .17) 


1-1 


-.?> . V'= 


/-i 
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4.  Turning  to  the  construction  of  the  boundary  layer  type 
integrals  of  the  potential  stress  state,  we  note  that  Au  =  0  implies 
u  ■  0,  since  this  equation  does  not  contain  the  small  parameter  h 
and  its  boundary  layer  is  equal  to  zero.  Therefore,  from  (3*1*0  and 
(B*!?^)  we  have  for  the  boundary  layers  *(2)  and  w 


**»=«• 


(4.18) 


where  is  a  boundary  layer  type  function  which  will  be  defined 


later.  Prom  (4*18)  and  (3*182)  we  have 

4»> =0.  *9  -  -5  v. • 


(4.19) 


Now  we  turn  to  (3*172)  and  using  matrix  symbolization  rewrite 
it  in  the  form  of  the  single  equation 


[(1  -v*)  /0-(£- SMI  + »)  £•)  + 


+T. 


(4.20) 


where 


* — (*«•  •••«%»));  (4-21) 

A  and  D  are  the  matrices  (4. -9)  introduced  previously;  I  is  a  diagonal 
matrix  of  M-th  order,  all  elements  of  which  on  the  principal  diagonal 
equal  unity  except  for  the  first,  which  equals  zero;  B  =  ||  bil{;|| 
is  a  symmetric  matrix  of  (M  -  l)st  order  whose  elements  are  the  numbers 

"  (4<~5)(4/-3)(4/-  l)  (4/  +  I)  (4/  +  3>  ('  =  2.  3,  Af— 1). 

MM  “  (ilfc -  3) [w - 1 )  (2V  +  i)  (2/s/  +  3)  W  +  5) '  + 

+  27'*(1  ~ ?T>*)  (iiV+l)«(2JV+3)»(2A'  +  5)  •  <4  22) 

k  — 4 

"+*  (4/-3)(4/-l)(4/  H)(4/  +  3H«+5)  • 

b  _ ! _  (4«22) 

«+*  (4i—  1)(4<  +  !)(<<  +  3)  (4/  +  5)  {it  +  7)  ’ 

*«+»=0,  *>2  (1  —  2,  3 . Af). 
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The  boundary  layer  type  integral  of  (4.20)  is  constructed  just 
as  the  integral  of  (4.10)  was  constructed  above.  With  the  aid  of 
the  expansions  (4-7)*  (4- 8), the  operator  in  the  left  side  of  (4.20)  is 
expanded  in  powers  of  h,  after  which  the  following  series 


♦=A*(5+$+#3+.J  (4-23) 

(b  is  an  integer)  is  substituted  into .  (4. 20), and  the  coefficients  of 
all  powers  of  h  are  equated  to  zero.  We  than  obtain  a  recursive 
sequence  of  linear  ordinary  differential  equations  with  constant 
coefficients  whose  solutions  of  the  boundary  layer  type  have  the  form 


2 


M-t  , 


(s) 


=  £  (fi+&(<))  exp (-V), 

8«,o. 


(4-24) 


where  ^  exp  ( — p^t)  are  the  boundary  layer  type  solutions  of  the 
homogeneous  equations >>(t)  eIp  (  ^  m  particular  solutions  of 
the  boundary  layer  type  of  the  corresponding  inhomogeneous  equations; 
are  the  roots  of  the  characteristic  equation 


(4-25) 


having  negative  real  parts,  and 
the  equation 


(s) 

is  a  nonzero  vector  satisfying 


h*(-n)T4*o.  (4.26) 

On  the  basis  of  the  positive  definiteness  of  the  plate  potential 
energy, we  can  show  that  the  characteristic  equation  (4*25)  has  N  -  1 
roots  with  negative  real  parts. 

Substituting  the  value  "ound  for  $  into  (4-18),  (4.19)  and 
(3^l82),  (3*4),  we  obtain  expansions  in  powers  of  h  of  all  the  quanti¬ 
ties  characterizing  the  boundary  layer  type  potential  stress  state 
(only  terms  with  the  lowest  power  of  h  are  shown  in  the  following 
formulas ) 
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.  #-l  • 

—“15 


(4.27) 
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I-I 
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"**  (,/D“^  ’**5  M)  S  ?!e*p  (-!»/) +. . . . 

1-1  ' 


(0) 

where  $. 


(3) 


(0) 

is  the  first  component  of  the  vector  <(> ^ - 


5.  The  boundary  layer  type  integrals  are  defined  in  a  quite 
small  vicinity  of  T,  but  by  using  the  boundary  layer  decay  property 
they  may  be  extended  into  the  entire  plate  median  plane  region  with 
only  small  errors  being  introduced. 
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At  the  boundary  r  (for  t  *  0),the  rotational  boundary  layer 

N  +  1 

has  M  «■  — sj —  degrees  of  freedom  (equal  to  the  number  of  positive 
roots  of  the  characteristic  equation  (4 *15)), while  the  potential 
boundary  layer  has  N  -  1  degrees  of  freedom  (equal  to  the  number  of 
roots  with  negative  real  part  of  the  characteristic  equation  (4.25)). 
Thus, it  is  easy  to  see  that  the  integrals  of  the  regular  part  of  the 
asymptotic  solution  together  with  the  integrals  of  the  boundary 
layer  type  will  have  sufficient  disposable  constants  of  integration 
to  satisfy  all  the  problem  boundary  conditions. 

The  disposable  constants  of  integration  are  determined 
sequentially  at  each  stage  of  all  three  iteration  processes  with  the 
aid  of  the  procedure  for  superposing  boundary  conditions  [4],  The 
regular  part*  of  the  asymptotic  solution  and  the  boundary  layers  are 
substituted  into  the  problem  boundary  conditions  and  then  the  integers 
a  and  b  (which  appear  in  (4-12),  (4.23))  are  selected  in  a  suitable 
fashion.  After  this,  in  each  of  the  resulting  equalities, we  equate 
terms  with  the  same  powers  of  h  in  the  left  and  right  sides.  From 
the  relations  thus  obtained *we  can  determine  sequentially  the 
constants  of  integration  in  (4-13)  and  (4-24)  and  establish  the 
boundary  conditions  for  the  inegrals  of  (4-2). 

We  shall  consider  some  boundary  condition  cases  as  examples, 
a)  Static  Boundary  Conditior.3 

Let  us  assume  that  the  right  sides  of  the  static  boundary 
conditions  (2.9)  may  be  expanded  into  series  in  powers  of  the  small 
parameter  h  as  follows 


•£=*’(%+*&+  •••)• 


(4.28) 


...AT). 
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The  corresponding  expansions  of  the  boundary  forces  and  moments 
(as  we  see  from  (1.10),  ( 1  --8 ) )  begin  with  the  zero  power  of  h. 

Substituting  (4 *28)  into  the  right  sides  of  (2*9)  and  expres¬ 
sing  the  left  sides  in  accordance  with.  (4-1),  (4.2),  (4-17),  (4.27), 
in  terms  of  the  regular  terms  and  the  boundary  layer,  we  obtain 


K.+i2,+...)«v+i«|[5+... 

+...-HL+4+..  J. 

[W  ,  pi  %  *2* 

U  +  ^  +  ...)«-+A-,gJ.S+... 
f  *•»+  ***+••.  /§,  +  ... 

1-1 


(4-29) 


The  last  three  relations  represent  the  boundary  conditions  in  matrix 
form  and  utilize  notations  similar  to  the  following 
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It  is  not  difficult  to  see  that  the  integers  a  and  b  should  be 
selected  so  that 

«  =  *-=  — 2 

(for  other  values  of  a  and  b  the  resulting  system  of  boundary  relations 
will  either  be  inconsistent  or  a,  and  *  vanish  entirely). 

Equating  coefficients  on  the  left  and  right  of  like  powers  of  h  in 
the  third  and  sixth  equation  (4«29)>we  obtain  a  sequence  of  boundary 
relations  from  which  are  fully  defined.  In  the  zero  approximation 

these  will  be  the  equations 


(4*30) 


Similarly,  the  fourth  and  fifth  equations  (4-2$)  define  the  sequency 
of  boundary  relations  from  which  are  found.  In  the  zero  approxi¬ 
mation  these  will  be  the  equations 


lm  M-V  ^ 

~  3»».  2d 

i-»  i-i 


Tlhe  first  two  equations  (.4-29)  define  the  boundary  conditions 
for  the  biharmonic  problems  (4*2).  In  the  zero  approximation, we 
obtain  the  relations 


(«» 


n 

« 


wnich  in  view  of  the  first  equation  (4*30)  coincide  with  the  Kirchhoff 
static  boundary  conditions. 
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Outside  some  vicinity  of  the  boundary  r  the  plate  Btress  state 
is  defined  by  the  regular  part  of  the'  asymptotic  solution,  since  the 
boundary  layer  within  the  region  is  infinitely  small  in  comparison 
with  any  power  of  h.  In  the  immediate  vicinity  of  the  boundary,  as  « 

we  see  from  (4-17),  (4-27),  the  boundary  layer  stresses *4„  *„  t '*  tn 

have  the  same  order,  while  the  stresses  an<*  ^  are  l°wer  order 
by  one  (relative  to  h)  than  the  basic  stress  state  defined  by  the 

7 

’regular  part  of  the  asymptotic  solution.  This  implies  that  the 
stresses  (.1. 5),tangential  and  normal  to  tbe  median  plane, which  are 
neglected  in  classical  plate  theory,  are  quantities  of  the  same 
order  as  the  tangential  stresses  Cl  *  -4 )  •  Therefore , the  error  of  the 
Kirchhoff  hypothesis  near  the  boundary  may  be  arbitrarily  large  for 
sufficiently  small  h.  A  similar  result  was  obtained  in  [2]  on  the 
basis  of  Lur‘ye’s  symbolical  method. 

Let  us  further  assume  that  a!i|=0,  and  a  «£}  and  a*'*  ar^- 
connected  by  the  relation 


i.e.,  the  system  of  edge  restraints  is  statically  equivalent  to  zero 
on  any  small  segment  of  the  edge.  Then  in  the  zero  approximation  the 
principal  stress  state  disappears , and  only  the  boundary  layer  remains. 
However,  in  the  first  approximation  the  principal  stress  state  will 
still  be,  generally  speaking,  nonzero.  Thus, the  stress  state  due  to 
the  system  of  edge  loads,  which  are  statically  equivalent  to  zero 
on  any  small  segment  of  the  edge,  encompasses  the  entire  plate  region. 
This  contradicts  the  Saint  Venant  principle  in  the  classical  formula¬ 
tion, but  corresponds  to  the  Mises  modification  of  this  principle,  in 
accordance  with  which  the  Saint  Venant  principle  must  be  related  not 
with  the  stress  decay  at  infinity  but  with  the  relative  order  at 
infinity  of  the  stresses  due  to  the  various  systems  of  loads  acting 
on  a  small  segment  of  the  body  boundary  [11,  12]. 
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b)  Completely  Clamped  Edge 


In  this  casejwe  set  a  =  -1,  b  *  -2.  Omitting  the  detailed 
arguments,  we  write  the  zero  approximation  boundary  conditions 


The  first  four  equations  are  used  to  determine  the  constants 
of  integration  in  .  The  boundary  conditions  of  the  biharmonic 

problem  are  the  same  as  in  classical  plate  theory. 

Near  the  boundary, the  tangential  and  normal  stresses  (1-5)  are 

of  the  same  order  (relative  to  h)  as  the  stresses  (1.4).  However,  their 

numerical  values  may  be  small  since  they  depend  on  the  factor  v  . 

z 

c)  Freely  Supported  Edge 

Here  two  versions  are  possible:  1)  the  stresses  onn  ons 
and  normal  deflection  u^  equal  zero  and  2)  cnn  =  0,  u^  =  0  and 
the  displacement  us  tangential  to  the  boundary  of  the  median  plane 

equals  zero. 
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In  the  first  vers ion, we  set  a  =  b  *  2 ,  in  the  second  a  =  -I, 

b  =  -2.  The  basic  stress  state  in  the  zero  approximati jn  is  determined 

from  classical  plate  bending  theory.  The  boundary  layer  stresses  are 

of  the  same  order  (in  terms  of  h)  as  the  basic  stress  state.  Just 

as  in  the  clamped  case,  the  numerical  values  of  the  potential  boundary 

layer  stresses  may  be  large  by  virtue  of  the  fact  that  they  depend 

on  the  factor  v  . 

z 


6.  The  linear  ordinary  differential  equations,  to  the  solution 
of  which  the  boundary  layer  construction  reduces,  and  their  boundary 
conditions  are  independent  of  plate  geometry, and  therefore  may  be 
integrated  once  and  for  all.  For  practical  computation  purposes, these 
equations  need  only  be  solved  for  small  N,  since  the  boundary  layers 
• t*>.  ®i*>  decay  rapidly  for  large  k,and  their  effect  on  the  basic 
stress  state  diminishes  rapidly ,  although  in  the  sense  of  asymptotic 
behavior  they  are  of  the  same  order. 

The  study  of  plate  bending  problems  with  various  support 
conditions  (clamped,  free  )  shows  that  the  effect  of  the  potential 
boundary  layer  on  the  basic  stress  state  in  the  first  and  second 
approximations  is  expressed  (by  means  of  the  Poisson  ratio  v  )  in 
accounting  for  the  deformations  of  the  transverse  fibers  in  determi¬ 
ning  the  deformations  of  the  fibers  parallel  to  the  median  plane. 
Therefore*  accounting  for  the  potential  boundary  layer  introduces  into 
the  first  and  second  approximations  of  the  basic  stress  state  only 
slight  corrections,  which  vanish  entirely  if  Poisson’s  ratio  v 

z 

vanishes.  For  example,  for  a  circular  plate  of  radius  a  which  is 
clamped  along  the  edge  and  loaded  by  the  uniforr.  pressure  p,  in  the 
first  approximation, we  have  for  the  deflection  function  (r  is  the 
distance  from  the  center  of  the  circle) 

w — “isr  •  rl  (r* -■ a1)  Rf4 -  O*)  +  akc\ , 

where  C  is  a  constant.  The  second  term  in  the  square  brackets  is 
the  correction  to  classical  theory  which  appears  as  a  result  of 

accounting  for  the  potential  boundary  layer.  For  an  isotropic  plate 

v=0,3;  C  «0.05. 
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The  corrections  to  the  basic  stress  state  introduced  by  the 
rotational  boundary  layer  are  more  significant  and  in  certain  cases 
they  should  be  considered.  The  integrals  ( 4- 13 )  of  (4.10),  subject 
to  the  corresponding  boundary  conditions,  show  good  internal 
convergence  with  increase  of  N.  Therefore »Reissner's  plate  theory, 
which  includes  the  first  equation  (3*10),  may  be  applied  successfully 
for  determining  ttys  first  correction  to  the  basic  stress  state  given 
by  classical  theory.  A  similar  conclusion  concerning  Reissner's 
theory  is  presented  in  [133 *  in  which  the  problem  of  a  strip  clamped 
along  the  edges  is  examined  with  account  for  edge  effects. 

We  note  that  with  increase  of  the  ratio  E/G  the  boundary 
layer  decays  more  slowly  and  its  effect  on  the  basic  stress  state 
increases.  Therefore , ignoring  the  edge  effects  may  lead  to 
considerable  error  for  strongly  anisotropic  plates,  for  which  the 
ratio  E/G  is  large. 
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SOME  QUESTIONS  OP  UNCOUPLING  AND 
DISCRETIZATION  OP  SHELL  THEORY  EQUATIONS 

L.A.  Rosin 


In  plate  and  shell  theory, it  is  of  interest  to  construct  problem 
solution  methods  which  can  be  ascribed  definite  physical  relevance. 
This  Is  because  physical  considerations  are  often  useful  in  construct¬ 
ing  computational  algorithms.  Moreover,  this  approach  makes  possible 
a  more  profound  and  simpler  analysis  of  the  various  assumptions  and 
simplifications . 

Some  techniques  were  indicated  ln[l,  2]  for  decoupling  the 
operators  of  the  differential  equations  of  shell  theory  and  these 
techniques  were  used  to  construct  solution  schemes  having  definite 
physical  relevance.  In  particular, it  was  possible  to  reduce  the 
problem  to  the  calculation  of  a  crossed  bar  system.  It  was  found 
that  this  sort  of  system  Is  not  a  crossed  bar  system  in  the  usual 
sense.  Its  individual  bars  do  not  bend  relative  to  the  normal  to 
the  shell  middle  surface .  T.  eir  twist  takes  place  with  a  rigidity 
proportional  to  the  moment  of  inertia,  additional  forces  and  moments 
acting  on  the  bars  appear,  the  calculation  result  does  not  depend 
on  the  relative  width  of  the  bars  and  so  on.  The  resulting  bar 
system  differs  in  this  aspect  from  the  conventional  crossed  bar 
system.  The  latter  sometimes  appears  inthose  studies  where  an  attempt 
is  made  to  construct  computational  schemes  not  on  the  basis  of  the 
fundamental  mathematical  formulation  of  the  problem, but  by  means  of 
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unconvincing  and  at  times  erroneous  arguments  based  on  "engineering" 
intuition. 

In  the  present  paper, we  develop  the  basic  propositions  presented 
in  [1,  2].  The  general  equations  of  shell  theory  are  transformed  with 
the  aid  of  a  decoupling  method.  Here  our  objective  is  to  transform 
the  equations  of  shell  theory  so  that  they  will  be  as  similar  as 
possible  to  the  equations  of  crossed  bar  systems.  In  the  transforma¬ 
tion  process, we  clarify  the  degree  to  which  this  may  be  dene.  We 
found  that  this  technique  makes  it  possible  to  transform  the  equations 
of  shell  theory  to  the  equations  for  a  four-layer  crossed  bar  system. 
The  two  inner  layers  of  this  system  do  not  differ,  at  least  in  prin¬ 
ciple,  from  the  conventional  crossed  bar  system,  and  in  many  problems 
they  are  the  primary  load-carrying  portion  of  the  shell.  The  outer 
layers  arise  as  a  result  of  the  difference  in  principle  between  the 
equations  of  shell  theory  and  those  for  the  bar  systems.  However, 
even  these  layers  may  be  treated  in  an  arbitrary  sense  as  bar  systems, 
at  least  from  the  viewpoint  of  constructing  computational  algorithms. 
By  a  slight  extension  of  the  concept  of  the  crossed  bar  system, we 
are  able  to  account  for  the  effect  of  Poisson's  ratio  comparatively 
simply.  The  familiar  differences  (different  order  of  the  equations) 
in  the  formulation  of  the  boundary  conditions  for  the  considered  bar 
systems  and  the  equations  of  shell  theory  are  indicated. 

The  mathematical  decoupling  technique  reduces  the  problem 
to  the  solution  of  a  system  of  specific  integral  equations.  Discre¬ 
tization  of  these  equations  onto  a  grid  leads  to  the  calculation  of 
the  crossed  bar  systems  mentioned  above.  We  can  thus  connect  the 
questions  of  analysis  of  the  bar  system  and  solution  of  the  integral 
equations  of  the  decoupling  method.  On  the  one  hand,  we  can  use 
the  analysis  and  approximate  methods  for  solving  integral  equations 
and  carry  them  over  to  the  bar  system.  On  the  other  hand,  we  can 
use  the  effective  methods  for  calculating  bar  systems  for  approximate 
solution  of  the  integral  equations  of  the  decoupling  method. 
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In  the  following, we  use  tne  notations  of  [3]  without  further 
explanation. 


1.  By  analogy  with  [1]  we  decouple  the  operators  of  the  system 
of  differential  equations  of  equilibrium  shell  theory  along  the 
lines  of  principal  curvature  of  the  middle  surface.  Then, setting 

bl  “  Cl^82^  A2  and  b2  *  C2^S1^  A1  where  c1(s2^»  C2^3l^  are  arbitrary 

functions  t  we  have  t  /T  u  T  u  \  »  . 

W*  —  P*'  Pm*< 

iff.  Iff.  *2,  <»,  mg),  , 

m  (1-D 

(i=1.2,3.4). 

Mn,  Ttu,  Ma»)= 

*=^(°.  0.  0.  iff.  Iff.  Iff,  mff,  «g), 


r*i*+-5f-=  -  m2  (4=1.  2,  3,  4). 


0.-2) 


Here  the  internal  forces  (moments),  the  components  of  the  external 
load  plf  p2»  p^  and  the  interaction  functions  [1]  Q^*^*^*  m1»  m2» 
mn,  are  multiplied  by  b.^ ,  b2,  respectively.  This  is  denoted  by  the 
subscript  b  and  by  the  superscripts  1,  2  for  the  interaction  functions. 
The  external  load  components  p1»P2»Pn»  111  could  also  be  par¬ 

tially  applied  to  (1.2).  The  conventional  differential  operators 
appearing  in  (1.1),  (1.2)  have  the  form 
Lkt' . 

. 

******  ••• . 

. C*  =  1.2);  (1,3) 


. *.)=-zl+(-l)*zjT» — , 

...  ,  z,)  =  -  z,+(— l)*z,_,. 

**4(*, . 

K*k(zx,  •••  .  z,)  =  z*- 1  (*=1.  2). 


(1-4) 
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where 


set 

r„=74+*,. 

7»=7i+¥„  Af»=Ali+T* 

Tat — Tat ■+■ ^ Afju— Afa»-f-'lrt, 

(1-5) 

J^tt=DkH\  Tut  = 

*<!»=CUt*  (*=1.  2;  *=2,  1); 

•,  a:  vBfy,  ♦,=vDl»r.  4, = ^  h< 

(1-6) 

II 

•H* 

/ 

(1.7) 

Tj = T„=v£^su  ^•=^xai  +  '^'vi>  ^«==‘^‘*» 


and  ^**  ~)~^*.  ^«*=Ak(l— »)  (*  =  1,2)—  are  the  correspon¬ 

ding  stiffnesses,  multiplied  by  b1  for  k  =  1  and  b2  for  k  *  2.  We 
substitute  ( 5 )  into  (1*1),  (1*2)  and  rewrite  them  as  follows 


i-*,{ To.  7i»,  M?») =ffn10>i».  p»,  P,».  fiV,  fa*. 

«ft\  0+^(0.  0.  0,  /!>>.  /ff,  /*»  0,  *8>); 


£«*.  (®i.  ®».  •*  ®.)=ACi,,(o,  o,  o,  — /jy. 
-M  -n  o.  -«a>)  (<=i,  2, 3, 4); 


(1-8) 


(1-9) 


Lu,(Tu,  Afi,  7a»,  Af*u) = 

“  (°»  °.  o.  ft?,  fff.  ?2.  «i?.  /»ff)  + 

+  ^(°.  0.  o,  /ff ,  /g>,  /jj,  nff,  0); 


(1-10) 


V*  *’.)  = 

=#f^(0,  0.  o,  -/ff,  -/ff,  -/a  -/Iff,  0)  (1  -U) 

(i  =  l,  2,  3,  4), 

where  we  have  introduced  the  additional  interaction  functions 
/ff,  -A*.  /2*  (*=1,  2X  «ff,  /iff.  Here  we  have  omitted  the  last  equations  (1-1), 
(1-2),  which  are  not  required  in  the  following  since  the  correspon¬ 
ding  equation  in  shell  theory  is  satisfied  identically.  Equations 
(1-8)  —  (1*11)  transform  to  the  differential  equations  of  shell 
theory  if  we  exclude  the  thirteen  interaction  functions  introduced 
above 
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I 

i 


% 


St 


fl,  f*  *«.  «1,  fft,  f$>.  /*  (*  =  1,  2),  4»\  «[?- 

We  denote  the  operators  which  are  formed  in  the  left  sides  of 
(1*8),  (1-10),  after  converting  therein  to  displacements  and  rotations 
using  (1.6),  as  follows 


nur.4*;w».«u  ('*=,;  5 


(1-12) 


Then  If  we  follow  the  idea  of  the  decoupling  method  [1]  and  seek  the 
Interaction  functions  on  the  basis  of  the  requirement  for  equivalence 
CU-8),  (1-9),  (1*10),  (1-11)  (where  the  left  sides  of  (1.8),  (1.10) 
are  replaced  by  (1. 12))withthe  basic  equations  of  shell  theory,  then 
this  requirement  takes  the  form  of  the  conditions 


(*= 


I,  2;  f=2,  Ik 

TST 


•» 

®T 


* 


"T- 


„  *!*»*«  ft  —  *»» 
ft 

3?  “UT' 


IT 


Ttr- 


(1-13) 


(1-1*0 


(1-15) 


<4 

where  (JL—14),  Cl- 15)  follows  from  (.1.-6)  and  (1-7).  In  other  words, 
far  complete  equivalence  of  the  decoupled  and  original  equations  it 
la  necessary  that  the  interaction  functions  be  selected  so  that  the 
conditions  (1.13)*  (1-14),  (1*15)  are  satisified. 

Here  we  have  used  the  elasticity  law  in  the  Balabukh-Novozhilov 

/  *  "  sf  \ 

form  with  the  assumption  I* 1 1  +  ^j-  1  which  is  not  essential  and 

has  been  adopted  only  for  convenience  of  exposition.  Other  elasticity 
laws  may  also  be  used,  for  example, that  used  in  [4]  and  [8].  Then 
the  following  changes  occur  in  (1.6),  (1-7) 
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(1.16) 


'i 


1 


(1*17) 


In  (1.14),  (1-15)  the  last  two  equalities  are  replaced  by 


“"BuT 


In  the  case  of  the  Love  elasticity  law  (1.6),  (1.7)  will  become 

*«=**•■ i.  T.=z^r».-  (1.18) 

Here  the  functions  ♦$,  and  ^  **  are  already  related.  Then  the 
four  interaction  functions  in  (1-9)  are  defined  only  by  the  three 
functions  and  consequently  only  three  of  them  will  be  independent. 
Similar  arguments  apply  to  (1.11).  As  a  result, the  adopted  decoupling 
of  the  governing  equations , and  the  Love  elasticity  relation  lead&_JkQ 
eleven  interaction  functions  in  place  of  thirteen  as  in  the  case  of  the 
other  elasticity  laws.  The  number  of  conditions  (1-.14),  (1.15)  also 
decreases  to  six.  In  place  of  the  last  two  conditions  in  (1-14)  and 
(1-15),  we  have  one  condition  each  of  the  form 


•  (1.19) 


2.  Now  we  turn  to  the  mechanical  analysis  of  the  solution  of 
shell  theory  problems  by  the  decoupling  method  on  the  basis  of  the 
decoupled  equations  and  the  conditions  (1-13),  (1-14),  (1.15).  In 
the  left  sides  of  (.1-8),  (1-9),  (.1-10),  (1-11)  there  appear  the 
operators  Lis  (z^,  ....,z^)  (k  =  1,  2),  which  are  the  operators  of 

the  equilibrium  equations  of  curvilinear  bars  of  width  b.^  and  b2  If 
the  arguments  z ^  (I  *  1,  2,  3,  4)  are  given  the  meaning,  respectively, 
of  normal  force,  bending  moment,  tangential  force  , and  torsional 
moment  in  the  bar.  The  axes  of  these  bars  coincide  with  the  lines 

-V  ■+  ^ 

«2  =  const  and  =  const,  and  the  unit  vectors  e2»  and  e^,  e^ 

coincide  with  the  principal  axes  of  inertia  of  their  cross  section 
(Figure  1).  Here  there  are  no  bending  moments  relative  to  the  unit 
vector  g  and  equilibrium  of  the  moments  about  en  is  satisfied  by 


FTD-HC-23-361-69 


38 


virtue  of  the  external  distributed  moments  m^j^(k  *  1,  2)which,  as 
noted  above,  are  not  essential. 

Now  let  us  turn  to  the  operators  L.  (k  *  1,  2)  in  (1.8),  (1.10). 

lsk 

The  forces  and  moments  here  are  connected  with  the  deformations  by 

(1-.-6).  Conversion  from  forces  (moments)  to  displacements  (rotations) 

using  (1*6)  permits  obtaining  the  operators  (1.12).  We  see  from 

(1*6)  and  (1*8),  (1*10)  that  the  difference  between (1* 12)  and  the 

conventional  bar  operators  is  that  [1]  bending  of  the  bars  takes 

place  only  relative  to^  or#,  [2],  In  the  a  ,  e 2  plane 

there  Is  only  pure  shear;  moreover,  the  section  form  coefficient  in 

shear  equals  unity  [33-  Torsion  takes  place  without  bending  relative 

to  with  stiffness  proportional  to  the  bar  moment  of  inertia 

[4].  The  Poisson  rcoio  appears  in  the  corresponding  stiffnesses. 

Comparing  these  specific  properties  of  the  operators  L.  (k  -  1,  2) 

1  k 

with  the  properties  of  the  conventional  bar  operators,  we  can  write 

for  the  transformation  L.  (k  *  1,  2)  the  Maxwell-Mohr  formulas  of 

lsk 

the  following  type 


FTD-HC-23-361-69 


39' 


(2-1) 


where,  respectively,  k  ■  1,  2;  t  ■  2,  lj  n  ■  1,  and  in  the  case  of 
the  elasticity  law  of  [4],  [8]  n  »  2.  Here  quantities  with  sub¬ 
scripts  i  and  j  denote  the  forces  (moments)  from  the  action  of  which 
and  corresponding  to  which  we  seek  the  generalized  displacement  values. 
Expression  (2*1)  follows  from  the  fact  that  the  connection  between 
the  forces  (moments)  and  the  deformations  is  taken  in  the  form  (1.6) 
or  (1*16).  In  fact,  considering  (1.6)  and  examining  for  definiteness, 
the  case  k  *  1  we  can  rewrite  (2*1)  in  the  form 


(«w  I**/  -p  dst . 


Substituting  herein  in  place  of  the  deformations  their  expressions  in 
terms  of  displacement  and  rotation, and  integrating  the  resulting 
integral  by  parts  with  use  of  the  fact  that  the  forces  (moments) 
with  subscript  j  satisfy  the  equilibrium  equations  (1-8)  with  the 
right  sides  ,  to  which  the  generalized  displace¬ 

ment  in  question  corresponds  ,  we  obtain 

4  -  f  («SMV,t  ««>, + *“<,)  *. + [«"’  7t„]  + 

+ + i«r  + [*(?«•„,] + irt'AC,]. 


Here  the  square  brackets  denote  nonintegral  terms  which  arise  as 
a  result  of  integration  by  parts,  and  the  quantity  is  the 

transverse  shearing  force.  The  brackets  represent  the  work  of  all  the 
concentrated  loads  corresponding  to  the  state  k  on  the  corresponding 
linear  and  angular  displacements  of  the  state  i.  In  turn,  the  inte¬ 
gral  is  the  work  of  the  distributed  loads.  Thus »  Ajy  in  (2'1)  is 
the  generalized  displacement,  understood  in  the  usual  sense. 

We  shall  term  these  bars,  with  left  sides  of  the  equilibrium 
equations  the  same  as  the  left  sides  of  (1.8),  ( 1 • 10 ) ,  with  the 
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elasticity  law  in  the  form  (1.6)  and  no  bending  relative  to  the 
unit  vector  en  ,  P  bars.  Hereafter j we  denote  the  P  bars  located 
along  s1  and  s2  by  P1  and  P  ,  respectively. 


Now  let  us  consider  the  operators  .....*•)  (*=1,2)  in 

the  right  sides  of  (1*8)  -  (1.11).  Taking  (1.4)  into  account, we 
can  conclude  that  /Cut(*=l.  2)  are  the  operators  in  the  right  sides 
of  the  equations  for  conventional  bars  relative  to  the  distributed 

and  z,,.  z,-.  z 


loads  z^, .....  Zg  . 


5*  *6 


In  K^s  the  quantities  z^,  z2,  z^  and  z^,  z 

are  the  projections  of  the  distributed  running  forces  on  the  unit 

«♦ 

vectors and  z-,  z„,  are  the  projections  of  the  distributed 
running  moments  on  the  unit  vectors  e2»  e^.  In  Kls  the  quantities 

Z|j,  z,.,  Zg,  s^,Zgare  nonzero.  They  rave  the  same  significance  as  the 

Corresponding  loads  in  K,  ,  except  that  they  act  in  the  opposite 

is, 

direction. 


Let  us  assume  that  the  quantities  f,.  ^  f^.  ^  f^  ^(k*l,  2)  and 

(2)  m  lb»  2b>  nb 

nlb  **2bi  raay  be  droPPed  in  (1*8),  (1*10).  Then  we  find  the  five 

Interaction  functions  q^  <*2»<ln*mi*  m2,for  the  equations  (1-8),  (1*10) 

with  the  aid  of  the  five  conditions  (1.13).  Here  the  equations 

(1*8),  (1-10),  and  the  elasticity  law  (1.6)  describe  the  behavior  of 

t#6  continuous  families  of  bars  P.^  and  P2  positioned  along  the 

coordinate  lines  s.^  and  s2.  The  bars  P.^  are  loaded  by  the  external 

loading  and  unknown  running  loads,  while  the  bars  P2  are  loaded  by 

unknown  running  loads  of  opposite  sign.  There  is  the  following 

connection  hetween  the  magnitudes  of  these  running  loads. 


TT  TT’  ~K~  h  ’  TT~ 

■4?  "u  mu 
T r-TT'  TT='»r- 


(2.  2) 


The  unknown  running  loads  in  (2-2),  which  may  be  termed  the  inter¬ 
action  loads  between  P^  and  P2»  are  defined  from  the  conditions  (1.13). 
The  latter  express  the  equality  of  the  displacements  and  rotations 
(twist)  of  the  considered  families  of  P  bars.  A  similar  situation 
holds  in  the  crossed  bar  system.  Therefore, we  shall  call  this 
system  the  crossed  and  continuous  P  bar  system  and  denote  it  by 
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|^1’  ^2}  °n  the  basis  the  Pr°Pert*es  °f  the  p  Pars»we 

car.  conclude  that  the  algorithms  for  the  calculation  of  such  a 
system  do  not  differ  in  any  fundamental  way  from  the  algorithms  for 
calculating  the  conventional  continuous  and  crossed  bar  system. 

Reduction  of  the  mathematical  formulation  of  the  shell  theory 
problem  to  the  equations  of  the  crossed  and  continuous  P  bar  system 
is  possible  in  those  cases  when  the  quantities  /&•  /2J  (*=l»  *)»  *2»  **» 
may  be  dropped  in  (1*8),  (1.10).  This  can  be  done  in  several  problems. 
However,  in  the  general  case  we  must  consider  all  the  equations  and 
take  into  account  all  the  interaction  functions. 

Let  us  consider  the  general  case.  We  first  turn  to  the  equations 

(1.9),  which  do  not  differ  in  any  way  from  the  equilibrium  equations 
for  the  ?1  bars  relative  to©/  (i=  i,  2,  3,  4) .  Let  4^  be  found  by  solving 

(1.9) ,  then  the  displacements  and  corresponding  rotations  may  be  found 
as  follows.  Prom  and  (1 .14)  we  find  th.e  forces  (moments)  just 

ILke  7n*.  Then  with  the  aid  of  the  elasticity  law  (1.6)  we 

find  the  corresponding  displacements  and  rotation  from  (2.1),  just  as 
for  the  P2  bars.  Therefore,  we  can  consider  that  (1.9)  together  with 
(1.6)  and  (1.14)  describe  the  behavior  of  an  equivalent  continuous 
bar-type  system  for  which  the  internal  forces  (moments)  are  found  from 

(1.9)  and  (1.14).  In  turn,  the  displacements  (rotation)  are  found  from 
the  forces  (moments)  just  as  in  the  P2  ^ar  system.  To  determine  the 
static  quantities  of  such  a  system  we  must  invert  the  operators  Lu, 

in  (1-9)  with  respect  to  s^,  just  as  for  the  P^  bars,  while  to  find 
its  kinematic  constants  we  must  invert  the  operators  (1.6)  with 
respect  to  s2  just  as  for  the  P2  bar  system.  This  is  the  basic 
feature  of  the  system  described  by  (1.9)>  (l-l4),and  (1*6).  At  the 
same  time  it  is  advisable  to  consider  it  as  a  bar  system,  since  in 
determining  the  internal  forces  (moments)  and  displacements  (rot” 
tions)  in  this  system  we  must  invert  the  operators  just  as  for  t  e 
P-^  and  P2  bars  We  term  such  a  system  a  continuous  family  of  P^  bars, 
and  we  abritrarily  consider  its  bars  positioned  along  s2> 

Now  let  us  consider  the  system  of  equations  (1.8), 
(1.6)  for  the  continuous  family  of  bars, and  the  sytem  of  eouations 

(1.9),  ( 1 • 1 4 ) ,  (1.6)  for  the  continuous  family  of  P21  bars.  In 
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accordance  with  the  right  sides  of  (1.8),  (1.9)  equal  and  opposite 
interaction  loads  f^j)  f^»  n2b*  act  between  pi  and  P21* 

Suppose  and  P21  form  a  continuous  crossed  bar  system  jp^  P21j 


with  the  interaction  loads  indicated  above. 

1*  ...... 4  .Am  »  D  Kqma  Kir  ..  (l^ 


merits  and  roations  for  the  P^  bars  by  u^  ,  u2  ,  w 


Denoting  the  displace- 
(1)  (1)  d(l)  _ 


/  21 ) 

those  for  the  P21  bars  by  u^  , 
interaction  loads  in  the  crossed 


421>,  we  determine  the 

systemip^,  P21|  from  the  conditions 


■?>=«•*),  a«=W) 


(2.3) 


Thus,  we  take  the  crossed  system  jP^,  P21f  t0  be  a  sy8fcem  con“ 
sisting  of  the  elements  P1  and  P21  between  which  there  act  the  inter¬ 
action  boads  fj?|»  f2J]  f^»  ^2b*  determined  from  the  conditions  (2.3). 


We  can  introduce  similarly,  the  concept  of  a  continuous  family 
of  P12  bars  along  s1,  whose  behavior  is  described  by  (1.11),  (1.15), 
Cl. 6).  Moreover,  we  shall  consider  that  tl>10)>  (1.5)  for  the 
continuous  family  of  P2 "bars  and  (1.11),  (1.15),  (1.6)  for  the 
continuous  family  of  P12  bars  describe  the  behavior  of  the 
continuous  crossed  bar  system  /P2,  P12lwith  the  interaction  loads 

(2)  (2)  (2)  (2)  * 
flb*  f2b* ’^nb*  nlb  ’  These  loads  are  found  from  the  conditions 


(2.4) 


where  the  displacements  and  rotations  of  the  P2  and  P^2  bars  are 

hv  (2)  „C2)  (2),  .(2)  (12)  (12)  (12)  .(12). 

denoted  uy  ^  snu  y  ^2  >  ^  *2 


and  u. 


,,(12). 

2 


respectively. 


Now  let  us  consider  a  four-layer  continuous  system  of  bars  which 
are  crossed  at  each  layer.  Suppose  the  1-st  (upper)  and  4th  (lower) 
layers  consitute,  respectively,  P2^  and  P^2  systems,  and  the  middle 
pair  of  layers  of  a  crossed  P  bar  system  (Figure  2) .  Thirteen  inter¬ 
action  loads  act  between  the  four  families  of  bars  P21,  P^,  P2,  P^2 
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which  constitute  this  four-layer 
system.  Five  of  these  loads  which 
appear  in  (2»2)  for  the  P«) 

system  are  found  from  the  condi¬ 
tions  (1»13)»  while  the  remaining 
eight  are  found  from  the  conditions 
(2-3)»  (2j4).  Let  us  show  that 
the  equations  describing  the 
behavior  of  such  a  four-layer 


.  __  bar  system,  which  we  denote  by 

Figure  2.  Pj.  ,  coincide  with  the  uncoupled 

chell  theory  equations  presented 
above  and  that  the  conditions  (2-3) ,  (2.4)  are  equivalent  to  the 
conditions  (1*14),  (1.15).  In  fact,  the  equilibrium  equations  of 
the  Pjjc  four-layer  bar  system  are  by  definition  the  same  as  the 
uncoupled  equilibrium  equations  of  shell  theory  written  in  the  form 
(1-8), —  (1.11).  In  both  cases  the  forces  (moments)  with  the  zero 
superscript  in  (1*8),  (1-10),  are  related  with  the  the  deformations 
by  the  equations  (1-6).  It  would  appear  that  the  only  difference  is 
that  for  the  uncoupled  equations  of  shell  theory,  the  conditions 
(1-13)»  (1-14),  (1.15),  must  be  satisfied,  while  In  P^c  the  conditions 
(1 • 1 3 ) »  (2*3)*  (2*4)  must  be  satisfied.  However,  in  actuality  these 
conditions  are  equivalent.  We  denotethe  forces  (moments)  in  the  P21 
system,  obtained  in  accordance  with  (1. 14)  from  as  follows: 

7»(PU).  ^*»(Pn).  7m(P*i)i  „  Correspondingly,  in  the 

P12  systpm  the  analogous  quantities  will  be  ^ (Pit).  (P a), 

M«»(Pu)-  The  displacements  and  rotations  corresponding  to  these 

quantities  must  satisfy  (2-3),  (2.4).  In  the  right  sides  of  these 
equalities  there  appear  the  displacements  and  rotations  of  the  P^, 
bars,  which  in  turn  are  connected  with  one  another  by  (1.13).  Thus, 
on  the  basis  of  (1.13) 


% 


V 


« 


(2-6) 
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fe- 


Since  in  accordance  with  (2-5)  the  displacements  and  rotations 
are  equal  in  P21  and  P2  ,  on  the  basis  of  (1.6)  the  corresponding 
internal  forces  (moments)  in  P21  and  P2  are  equal,  i.e., 

7»(P«)=  T»,  ML{PU)=M»,  7l,»(PtI)=T?«, 

Af«(P*)=Afa*- 


(2.7) 


1 


Similarly  ,  for  P12  and  P1  (2-6)  yield 

7t*(P„)  =  7l».  AA(P11)=^u.  7t»(P„)=7l», 

AfmiPJ=J HV  (2*8) 

By  definition  the  left  sides  of  (2.7) »  (2.8)  are  connected  with 
and  ^  by  (1.14),  (1.15).  Consequently,  the  right  sides  of  (2.7) 

(2.8)  are  connected  with  c  $i5  by  (1.14),  (1.15).  Thus,  if  the 
equalities  (2.3),  (2.4),  (1.13)  are  satisfied  >  (1.14)  and 

(1.15)  are  automatically  satisfied.  The  equations  are  conditions 
defining  the  interaction  loads  for  both  P^  and  the  uncoupled  equations 
of  shell  theory  are  identical.  Moreover,  since  the  uncoupled  equations 
and  the  conditions  (1.13),  (1.14),  (1.15)  are  equivalent  to  the 
governing  equations  of  shell  theory,  the  equations  of  the  four-layer 
bar  system  will  be  equivalent  to  them. 

This  four-layer  bar  system  is  quite  reminescent  of  the  conven¬ 
tional  bar  system.  The  main  difference  from  the  latter  is  the  nature 
of  the  bars  P21  and  P12.  However,  in  spite  of  this  none  of  the 
operators  which  must  be  inverted  in  the  calculation  of  such  a  system 
differ  in  any  way  from  the  operators  for  P  bars.  Therefore, the 
basic  nature  of  the  algorithms  is  the  same  in  both  cases. 


3.  Now  let  us  formulate  the  boundary  conditions  for  this  four- 
layer  bar  system,  equivalent  to  the  boundary  conditions  of  shell 
theory.  For  simplicity ,we  consider  that  the  shell  edges  coincide 
with  the  coordinate  lines. 

Let  the  boundary  conditions,  four  at  each  shell  edge,  be  given 
in  terms  of  displacements.  To  invert  the  operators  (1*12)  with 
respect  to  th'i  displacements  and  rotations  in  P^  and  ?2  we  need  five 
conditions  at  each  edge,  since  these  operators  are  tenth  order.  The 


45' 
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missing  fifth  condition  with  respect  to  the  rotation  is  obtained  from 
the  given  shell  edge  displacements  by  differentiating  these  displace¬ 
ments  along  the  edge.  Consider  the  operators  L^s  (k  «  1,  2)  in 
(1-9),  (1*11)  for  the  P21  and  P^2  systems.  Since  4>1  and  ^  appear 
here  as  forces  (moments),  to  invert  Lis.  (k  ■  1,  2)  we  need  to 

it 

know  the  five  quantities  #*,  V*.  $?)  *  (Sf)  <i=I,  2,  3.  4) 

at  the  corresponding  edges.  Generally  speaking,  these  quantities 
do  not  appear  in  the  boundary  conditions  of  shell  theory.  They  must 
be  considered  additional  edge  interaction  functions  or  additional 
edge  loads,  analogous  to  the  thirteen  distributed  interaction  loads. 
They  are  defined  with  the  aid  of  (1.14),  (1*15)  at  the  corresponding 
shell  edges.  The  reason  is  that  at  the  edges  the  conditions  (1.14), 
(1*15)  cannot  be  satisfied  by  the  distributed  interaction  loads. 

Just  as  in  the  case  of  a  cantilever  bar  end  loads  must  be  applied 
at  the  tip  in  order  to  satisfy  certain  static  conditions  there. 

In  the  present  case,  when  the  displacements  at  the  shell  edge  are 
given,  by  inverting  the  operators  (1.12)  we  can  obtain  the  forces 
(moments)  with  zero  superscript  In  F1  and  P2«  Then  we  use  (1*14), 
(1.15)  to  calculate  the  quantltes  ^  (*=1.  2»  3»  4) 

at  the  corresponding  edges. 


Consider  the  case  in  which  forces  (moments)  are  given  at  one  of 
the  boundaries,  for  example  =  const,  while  the  condition 

at  t  3  remaining  edges  are  given  in  terms  of  displacements.  We 
transform  the  boundary  conditions  of  shell  theory  f or  const 

as  follows 


t  i 

*•  '  «*  T  “75T — 


(3-D 


where  the  given  values  are  on  the  right.  Noting  that 


mm 

Al|2*  —  — t  — 


(3-2) 


and  substituting  (3*2)  into  (3*l)>we  obtain 
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7»=Qm-^- 


*i»*.  Vs 

- TW’ 


(3-3) 


.  (*«+*«)*.  *» 

+ - 2  ’Sf’ 


^W?»= Afs*  ■^■-j-'fl4'^-  —  •(. 


Here,  on  the  basis  of  the  corresponding  uncoupled  equilibrium  equation 

[1] 


•  —  Nu  —  — 


in  which  the  transverse  shearing  force  ©w,  appears,  we  can 

take 

•*=(75*-)  +  TJ"3*- 

'  '  (3-4) 


Then  at  the  boundary  we  will  also  have 


■  =  Aft 


.(i)  *»»  *i  **j 

”* — ur  t  ssi- 


The  expressions  for  the  forces  (moments)  with  zero  superscript  for 
the  edge  a5*  a»aconst  are  written  similarly  to  (3-3),  Expressions 

C.  d  Q 

(3*  3).  are  the  houndary  conditions  at  the  loaded  edge  a-^*  for 


In  the 


the  bars.  In  the  right  sides  of  (3-3)  there  appear  xg  y 

0  \  i)  4 

and  the  moments  in  P_  for  a-  ■  a,  -  This  situation  indicates  that 

<1  1  X  q 

the  boundary  conditions  at  the  loaded  edge  a,  =  a.  for  P,  may 

o  q  1  1  In 

be  established  after  determining  M2t),  in  P2  for  a1  =  a:j\ 

In  the  present  case, we  first  invert  the  operators  corresponding  to 


This  yields  4^,  and. 


!.  and.  (cj)  and  M° 


M21b  for  \ 


Then  we 


find  4>. ,  in  terms  of  the  five  as  yet  undetermined  quantities 


i  m 


After  this  we  establish  the  boundary  conditions  (3*3) 


and  make  the  calculation  of  the  P^  bars, 


Finally, the  quantities 
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y,  ,  («——)*  are  found  at  the  boundary  a,* 

1  oS»  d 

of  the  conditions  (1.15). 


Assume  a  shell  has  two  neighboring  loaded  edges  while  the 
boundary  conditions  at  the  other  two  edges  are  given  in  terms  of 

displacements.  Moreover,  we  consider  that  the  concentrated  normal 

§ 

force  Q  acts  at  the  intersection  of  the  loaded  edges.  In  shell 
n 

theory  the  following  condition  is  taken  for  the  corner  point 

l(co#M — «ln,7)AfBJ  =  <£, 

where  the  square  brackets  denote  the  jump  of  the  quantity  in  the 
brackets  with  transition  from  one  of  the  loaded  edges  to  the  other 
in  the  counterclockwise  direction.  Here  y  is  the  angle  between  the 

■f 

unit  vector  e.^  and  the  tranjectory  direction,  measured  counterclock¬ 
wise.  This  immediately  implies  that  at  the  corner 

±  — fr|. 

S._r.  <3-5) 


Moreover,  since  the  loading  on  the  loaded  edges  is  given,  at  the 
corner  we  know  the  moments  appearing  in  the  boundary  conditions  (3-3). 
and  the  analogous  conditions  for  a?  *  =  const  for  the  extreme 

and  P2  oars  positioned  along  the  loaded  edges.  We  take  the 
quantities  <b),  as  the  edge  interaction  function 

at  the  loaded  edges.  Then  in  accordance  with  the  boundary  conditions 
of  the  type  (3-3)  we  can  analyze  the  extreme  P-^  and  P2  bars.  More¬ 
over,  by  inverting  the  operators  (1.9),  (l-ll)  we  find  the  quantities 


After  this  we  can  establish  the  boundary  conditions 
the  type  (3-3)  for  all  the  P^  and  P2  bars.  Calculation  of  the  P.^ 
and  P2  bars  makes  it  possible  to  determine  the  internal  forces 
(moments)  with  zero  superscript  and  write  with  the  aid  of  ( 1 - 14 ) , 


(1.15)  the 


ten  equations  for  finding  the  quantities  $*, 


Other  boundary  conditions  and  also  the  existence  of  an  oblique  edge 
may  be  examined  similarly.  In  the  case  of  the  oblique  edge  addition¬ 
al  edge  interaction  loads  appear,  acting  between  the  bar  systems 
which  converge  at  the  edge.  This  is  the  only  problem  complication 
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which  appears  for  the  oblique  edge.  The  shell  support  scheme  in 
which  the  families  of  bars  under  consideration  may  not  be  in  equili¬ 
brium  under  the  influence  of  external  loads  and  support  reactions 
presents  a  problem  for  this  technique.  For  example,  this  sort  of 
case  includes  the  shell  with  two  opposite  free  (or  loaded  edges ) 
which  coincide  with  the  lines  of  curvature.  In  this  case  we  note  the 
technique  of  [2]  which  makes  it  possible  to  turn  to  consideration  of 
tne  conventional  edge  conditions.  Thus,  in  all  cases  the  edge 
conditions  adopted  in  shell  theory  together  with  the  corresponding 
relations  for  the  four-layer  F^  bar  system  make  it  possible  to 
formulate  the  boundary  conditions  for  the  bars  forming  P^.  There¬ 
fore,  Pjjc  becomes  completely  equivalent  to  the  shell  within  the 
framework  of  general  shell  theory  [3]. 

4.  There  are  thirteen  interaction  loads  in  the  P^c  system. 

The  number  may  be  reduced  to  nine  and  in  the  case  of  the  Love 
elasticity  relation  to  seven  by  a  slight  generalization  of  the 
concept  of  the  crossed  and  continuous  P  bar  system.  We  rewrite  the 
uncoupled  system  of  equations  (1.8)  — (1.11)  in  the  form 

£fe,(7»,  Af»,  Tm,  MiJ*)"" 

Pw  P»*  «SJt  "H*.  mi*)  +  ' 

+**,<0,  0,  0. /&  /£.  C'  0.  *2):  ( 4  • 1  > 


LmJO,  0,  «,)  = 

=■  **  (0,  0.  0.  -  /£.  -fZ  0.  -  (4.2) 

(/=!,  2,  3.  4); 


Lu,  (Tm,  M*,  Ttit,  — 

=  0.  qft,  fg,  m2-  m%)  + 

+*a.(o,o,o,/«  /5.  /2.  Co); 


U(Q,  0.  ¥„  *,)  = 

-*i*(0.  0.  0.  -C  -/».  -fZ  0) 

(/=  1,  2,  3,  4).  (4.4) 

Here  only  two  of  the  four  Interaction  functions  in  (4-2)  are  indepen¬ 
dent,  since  they  are  all  related  by  the  two  equations  which  follow 
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from  (4.2).  A  similar  situation  exists  in  (4.4),  Thus,  in  (4-1) — 
(4.4)  there  are  nine  independent  interaction  functions  which  must 
satisfy  the  five  conditions  (1*13)  and  four  of  the  conditions 
(1.14),  (1.15),  in  w.<ch  tj,  f3  f|,  figure. 


Let  us  examine  the  mechanical  meaning  of  the  uncoupled  equations 
(4*1) — (4.4).  We  first  consider  the  equations  (4>1),  (4*3),  dropping 
therein  the  interaction  functions  which  appear  in  (4.2),  (4.4).  They 
do  not  differ  at  all  from  the  equilibrium  equations  of  the  P  bars  if 
we  take  M^b  T2b,M2b,to  mean*  respectively,  the  normal  forces 
and  bending  moments  in  the  bars.  However,  in  this  case  we  have  in 
place  of  (1.6) 


** 


iW* 

~~E£T  (*  =  1.  2;  t—2,  1). 


(4-5) 


Hence  we  see  that  the  difference  between  the  crossed  and  continuous 
bar  system  described  by  the  equilibrium  equations  (4*1),  (4*3)  with 
the  elasticity  law  (4- 5), and  the  crossed  ana  continuous  P  bar  system 
lies  in  the  first  two  relations  (4*5).  If  we  call  this  the  P  system  - 
and  denote  it  by  p2v  *  t1**3  difference  between  Py  and  P 

reduces  to  the  fact  that  we  can  no  longer  consider  separately  the 
families  of  Plv  and  P  bars  positioned  along  s.^  and  s2,  respectively. 

The  deformations,  displacements  and  rotations  in  P^  depend  on  the 
T0b,  M2b,  acting  in  P2  and  vice  versa.  Thus,  in  this  case  we 
must  consider  the  P^  crossed  system  as  a  whole.  Obviously,  for  v=  0 
this  connection  between  P^  and  P^  disappears  and  the  P^  system 
transitions  to  P. 

The  necessity  for  considering  Pv  as  a  whole  has  little  effect  on 
its  analysis  and  calculation  in  the  spirit  of  the  bar  system.  In 
fact,  in  the  statically  determinate  case  the  equilibrium  equations 
(4.1),  (4-3)  for  P^  and  P2v  may  be  integrated  independently.  More¬ 
over,  for  the  Plv,  P2Vbars  we  can  write  formulas  analogous  to  (2.1) 
for  finding  the  generalized  displacements  from  the  given  deformations 
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*1 

V  t*£p£L **  +  $<»gsLdsk  (A  =  l,2;f=2,  1). 

***  **  '  (4.6) 

Finally,  the  five  interaction  loads  (2.2)  in  Py  are  found  from 

the  five  conditions  (1.13),  which  express  the  equality  of  the 
displacements  and  rotations  for  the  and  the  P2y  systems. 


In  the  general  case  with  account  for  all  nine  interaction  functions 
we  can  by  analogy  with  P^,  consider  the  four-layer  bar  systemPP^^ 
which  is  continuous  and  crossed  at  every  layer.  This  system  is 
formed  sequentially  by  the  families  of  bars  P2iv»  plv »  P2v*  P12v 

The  nature  of  the  P21vand  tP12v  bars  is  the  same  as  that  of  P21  and 

P12,  except  that  in  this  case  the  quantities  «1,  $2>  'J'1,  f2,  are 


missing.  From  the  equation  (4.2),  (4.4),  we  can  find  9^,  4^  and 

tjs  Vjj,  and  then  these  values  are  used  to  find  the  quantities 

■^21b  ^P2lv^  M21b  ^P2lv^and  ^126  ^P12^*  M12b  ^P12v^*  in  accordance 

with  (1.14)  and  with  (1.15).  We  define  the  displacements  and  rota¬ 


tions  in  P 


21v 


as  follows 


,  I  -  Mf 

-*r+~x;-sr{-xr 


«i'-> 


17 


Ji»(^n.) 
^ - 


(4.7) 


where  the  indices  (21  v)  and  (lv)  denote,  respectively,  displacements 
and  rotations  in  the  P^and  P^systems.  We  proceed  similarly  in 
the  P12vsystem,  setting  therein 

1  M,  „(».)_  T\a(pnt) 

"#•,  A,  " 357“'  “  Ji  •  (4.8) 

M'*'  I  4A,  “f’)  Y_ 

- XT')  ~ Z 5T“ 
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In  this  case  the  four  conditions  of  equality  of  the  ooiWM^driding 
displacements  and  rotations  for  each  of  the  ^lv  Piv  ^2v  ^]2v 

systems  ^  ji.) 

■p \ , 

vr-rf*.  »r= -*£-+£. 


(*•9) 


and  also  the  five  conditions  (1-13)  for  Plv  and  P2v  yield  all  the 
necessary  equations  for  finding  the  nine  interaction  loads.  In  fact, 
all  these  conditions  will  be  equivalent  to  (1*13)  and  the  four 
conditions  (1.14),  (1-15)  with  *3,  44,  *3,  fy..  This  in 

turn  leads  to  the  uncoupled  equations  (4.1) — (4.4)  together  with 
(4-5),  describing  the  behavior  of  P.,  becoming  completely  equivalent 
to  the  equations  of  shell  theory. 


The  boundary  conditions  in  P^  are  formulated  similarly  to 
those  in  P^  with  the  exception  that*i}  *2,*1,  *2,are  missing  in 

P„  . 

4cv 

5-  The  four-layer  P^  system  consists  of  the  bar  system  T21»  Pi» 
P2»  ^12*  is  not  difficult  to  see  that  as  a  rule  ^l*  P12*  are 
relatively  compliant  systems  and  the  crossed  P  bar  system  forms  the 
basis  of  P^.  This  applies  even  more  to  the  T|jcv  system,  in  which 
P  forms  the  basis.  However,  the  technique  for  calculating  the  P 
system  does  not  differ  from  that  for  calculating  the  conventional 
crossed  bar  systems.  Nor  is  this  difference  essential  in  the  case 
of  the  Pv  system.  In  general  neglect  of  *4 ,^4,  in  (1*5)  and  In  all 
the  succeeding  formulas  does  not  lead  to  a  large  error.  Moreover, 
if  we  use  the  elasticity  law  in  the  Love  form  ,the  difference  between 
P^  and  P  will  be  due  to  v  and  4 3:,  ^  while  the  difference  between 
Piic v  and  P^  will  be  due  only  to  ^ 3  »  which  are  proportional  to 

the  shear  deformation  components.  Sometimes  P^c  and  P^Cv  degenerate 
into  P  and  .  For  example,  this  occurs  in  plate  bending,  axisym- 
metrlc  deformation  of  shells  of  revolution  and  so  on.  In  many  cases 
the  transition  from  P^  and  P^Cv  to  P  and  Py  may  be  accomplished 
approximately.  Moreover,  in  general  in  calculating  P^  and  P^  we 
examine  the  iteration  process  with  consideration  of  only  the  P  and 
Py  systems  at  each  step. 
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6.  In  the  uncoupling  method  the  conditions  (1.13),  (1*14),  (1-15) 
or  (1.13),  (2.3),  (2*4)  lead  to  a  system  of  integral  equations  of 
the  Fredholm  type  of  the  first  kind  in  terms  of  the  interaction  func¬ 
tions  (interaction  loads).  They  are  obtained  by  inverting  the  opera¬ 
tors  (1.8) — (1*12)  and  equating  the  corresponding  quantities  in 
accordance  with  (1.13),  (1*14),  (1.15)  or  (1.13),  (2.3),  (2-4).  A 
peculiarity  of  these  integral  equations  is  that  the  unknown  functions 
of  two  variables  appear  in  these  equations  as  single  integrals  of 
each  variable  separately.  Moreover,  in  the  case  of  certain  boundary 
conditions  they  may  contain  nonintegral  terms  with  values  of  the 
unknown  functions  at  the  edges.  In  the  general  case  the  number  of 
such  equations  for  the  system  is  thirteen,  and  for  the  PjjCv 

system  the  number  is  nine.  In  those  cases  in  which  additional 
interaction  loads  do  not  occur ^the  number  decreases  to  five  and  in 
several  concrete  problems  the  number  may  be  even  less.  Thus,  the 
problem  of  calculating  the  continuous  and  crossed  bar  systems 
obtained  above  reduces  to  the  solution  of  the  corresponding  integral 
equations  of  the  uncoupling  method. 

Now  let  us  consider  the  discrete  bar  systems.  We  can  use  the 
following  technique  to  discretize  the  integral  equations  of  the  un¬ 
coupling  method.  We  form  a  grid  on  the  shell  middle  surface  using 
the  lines  of  principal  curvature.  We  specify  on  the  grid  lines  the 
unknown  distributed  interaction  loads  as  depending  on  n  unknown 
parameters,  where  n  is  the  number  of  nodes  of  the  grid  being  used. 
Then  we  determine  these  n  parameters  from  the  conditions  for 
satisfaction  of  the  integral  equations  or  the  conditions  (1-13),  (1-14) 
(1-15)  or  (1*13),  (2*3),  (2*4)  only  at  the  grid  nodes  (colocation 
method  for  integral  equations).  This  approximate  method  for  solving 
the  problem  may  be  treated  in  a  certain  sense  as  the  calculation  of 
a  crossed  bar  system  with  distributed  unknown  interaction  loads. 
However,  it  is  of  interest  to  go  directly  to  the  calculation  of  the 
discrete  bar  system  with  concentrated  interaction  loads  at  the 
nodes.  We  shall  show  how  this  may  be  done,  using  as  an  example 
the  bending  of  a  plate. 
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In  the  case  of  bending  of  a  flat  plate >we  shall  dwell  in  greater 
detail  on  the  discretization  and  peculiarities  of  the  numerical 
solution  of  the  integral  equations  of  the  uncoupling  method.  The 
uncoupled  plate  equations  may  be  transformed  to  the  equations  for  the 
continuous  and  crossed  P  bar  system 


(6-1) 


„"P  z 

uSpr  "n 


(6.2) 


where  the  subscript  b 
and 


is  dropped,  since  we  have  assumed  bn 


In  this  case  the  conditions  (1-13)  will  be 

•<«»=««,  •?’=-*£,  (6.3) 

and  the  problem  reduces  to  a  system  of  three  integral  equations  in 
qn>  in^,  m^  .  For  simplicity  of  analysis, we  consider  a  rectangular 
plate  which  is  clamped  along  the  contour, and  we  take  approximately 
ii  =  m2  =  0  .  Then,  solving  the  first  ordinary  differential 
equations  (6-1),  (6-2),  satisfying  the  clamping  boundary  conditions 
and  satisfying  the  first  conditions  (6.3),  we  obtain 

»  4 

#)+«<*-*)*, (y.  OU.C*.  f)dtdt  = 

m  t 

*  4 

=  -  f  J  W-ylKA*.  ,  ndtdV  =  -  F(x,  y),  ( 6  • 10 

m  e 

a<x<&;  c<y<d,  . 

where  6  is  the  delta  function,  K^(x,  t),  K (y,  t')  are  the  deflection 
influence  functions  for  the  clamped  P  bars.  Let  us  break  down  the 
region  in  question  by  a  grid  of  straight  lines.  If  we  use  the  idea 
of  the  colocation  me  hod  and  equate  the  left  and  right  sides  of  (6.*!) 
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at  the  grid  nodes,  and  specify  qn  (jc,  y)  to  within  undetermined 
parameters  on  the  straight  grid  lines,  we  ohtain  a  system  of  alge¬ 
braic  equations.  The  same  equations  are  obtained  when  calculating 
the  discrete  and  crossed  system  of  P  bars,  defined  on  the  grid  lines, 
with  distributed  interaction  loads.  We  can  proceed  differently.  We 
replace  the  integral  in  the  left  side  of  ( 6  - 4 )  using  the  formulas 
for  iiuchanical  quadrature.  We  consider  that  the  grid  nodes  coincide 
with  the  nodes  of  the  quadrature  formulas  >and  we  equate  the  left 
and  right' sides  of  (6.4)  at  these  same  points.  Then  we  obtain  a  sys¬ 
tem  of  algebraic  equations  of  the  form 


a-l 


•-I 

ito.  (**,.  y/)4- 


+  y04a(x/.  >/)+piA 

V**  / 


(6.5) 


where  factors 


’U 


result  from  the  quadrature  formulas  and 
are  the  overall  erro;*  of  the  quadrature  formulas .  Setting 


piJ  “  °*  we  obtain  the  equations  for  the  approximate  values  of 


q  (x^,  y^.  Talcing  account  of  the  physical  meaning 


of  the 

influence  functions,  we  note  that  for  p 


0  and  A 


<*>  -  A<y)  -  1  the 
k2 


ij  - -  "kx 

equations  (6.5)  also  hold  for  the  discrete  P  bar  system  described  by 

the  first  equations  (6.1),  (6.2)  with  the  concentrated  excess  unknowns 

at  the  nodes  q*  (x. ,  y.).  Hence,  using  a  unifoj  i  grid  spacing  and 
nc  l  j 

( x )  ( v ) 

quadrature  formulas  such  that  A£  =  A =  A,  we  obtain 


•  *.<*/,  y/)=-gy— / y/} 


This  relates  the  approximate  solution  of  ti. ‘i  integral  equations  of 
the  uncoupling  method  and  the  calculation  of  bar  systems  by  the  method 
of  forces.  The  uncoupling  method  and  the  method  of  forces  in 
structural  mechanics,  which  are  similar  in  form,  become  similar  in 
essence.  These  arguments  make  it  possible  in  constructing  the 
approximate  solution  of  the  integral  equation  (6-4)  to  calculate  the 
corresponding  discrete  P  bar  system  with  concentrated  interaction 
loads  at  the  nodes  rather  than  calculating  the  system  (6*5)  directly. 
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’  '**0'  i«a»rJ3*  »*»  ea*y*-jrr.-  <.  c^»^s^TJti'vrvw-*mKi 


ptOpp  ^xrPBF<T^r 


In  so  doing,  we  can  use  many  effective  techniques  of  structural 
mechanics  to  construct  the  approximate  solution  of  the  Integral 
equations  in  question.  On  the  other  hand,  conversely,  analysis 
of  the  integral  equations  may  be  useful  in  calculating  high-order 
crossed  bar  systems. 

The  difficulties  in  the  numerical  solution  of  integral  equations 
of  the  first  kind  are  well  known  [5,6].  They  are  associated  with  the 
fact  that  the  operator  in  (6*4)  overrides  the  strongly  oscillating 
solution  and  the  zero  is  a  condensation  point  of  its  eigenvalue 
spectrum.  A  similar  situation  occurs  in  calculating  crossed  bar 
systems  of  both  the  P  and  conventional  types.  There  this  leads 
to  poorcondit.ioning  of  the  system  of  algebraic  equations  of  the 
method  of  forces.  The  various  approaches  to  the  solution  of  equations 
of  the  type  (6-4)  reduce  to  the  introduction  in  one  form  or  another 
of  additional  information  on  the  sought  solution  in  the  original 
mathematical  formulation  of  the  problem.  For  example,  Tikhonov 
[ 5 E  6]  considered  the  sought  solution  to  be  sufficiently  smooth 
and  proposed  to  screen  out  the  oscillations  in  the  numerical  solution 
of  (6-4)  by  minimization  of  a  smoothing  functional.  In  our  case 
we  can  write 

*4  ii 

AT = J  J  Aqjijixdy  +  2  J  )  qfdxdy  -f  «8; 

mt  «  * 

(6.6) 

y)(^r)’ +?,<*.  y)(ijf)* +*»(*.  rtv’J'My. 

?,<*,.y)>o  (/=i.  2.  3).  (6,7) 

where  A  is  the  operator  of  (6.4)  and  a  is  the  parameter.  Since 
the  operator  A  is  positive,  the  solution  of  (6.4)  minimizes  the 
functional  (a  =  q).  The  role  of  the  iegulating  functional  n 
consists  In  smoothing  the  approximate  solution.  The  parameter  a 
is  selected  so  that  the  function  which  minimizes  (6-6)  will  be  close 
to  the  solution  of  (6-4),  but  at  the  same  time  the  influence  of  n 
will  not  disappear.  The  Euler  equation  and  the  natural  boundary 
conditions  for  the  functional  Ma  have  the  form 


.5  6 
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f/CAx.  j4A+f*.(jr.  f)lM  *')&  + 

*  * 

+  f(x,  >)^f]  + 

+ -jj  [?»(*.  >)^y] — t*(x*  y)f«}»  .  .. 

%=0  for,  x=fl.  *  =  *;  $*=0  f OT  y=c,  y=d.  (6.8) 

The  physical  meaning  of  the  left  side  of  (6*8)  makes  \ t  possible  to 
conclude  that  in  this  case  a  filler  material  has  appeared  between  the 
two  continuous  crossed  systems  of  ?  bars  and  that  the  displacement 
law  for  this  filler  is  defined  by  the  left  side  of  (6*8). 

We  can  proceed  similarly  in  calculating  the  bar  systems.  In 

this  case  we  minimize  the  corresponding  quadratic  form  rather  than 

a 

the  functional  M”.  For  example,  for  a  girder  framework  we  can  take 
in  place  of  fl  the  sum  of  the  squares  of  the  differences  of  the  excess 
knowns  at  neighboring  nodes  of  the  grid  in  both  directions , and  the 
sum  of  the  squares  of  the  values  of  the  unknown  quantities  themselves, 
multiplied  by  some  positive  weighting  functions  of  the  integer  argu¬ 
ment  (of  the  grid  nodes). 

Other  techniques  may  be  used  for  the  approximate  solution  of 
these  problems  of  integral  equations  and  bar  systems  by  using  addition¬ 
al  information  on  the  sought  solution.  It  is  often  convenient  to 
write  the  additional  conditions  in  the  form  of  inequalities  and 
seek  a  solution  which  will  satisfy  these  inequalities  while  at  the 
same  time  satisfying  with  the  maximal  possible  accuracy  the  basic 
problem  formulation.  Moreover,  we  can  formulate  overdefined  problems, 
in  which  we  introduce  the  required  additional  information  into  the 
basic  problem  formulations  by  means  of  redundant  equations.  The 
solution  of  the  overdefined  problems  may  be  constructed  using  the 
method  of  least  squares  or  in  the  Chebyshev  approximation  sense. 

In  many  cases  the  methods  developed  in  linear  programming  [7]  are 
effective  in  solving  the  problems  mentioned  above. 
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We  can  point  out  still  another  eff«"-  e  technique  for  calculating 
the  crossed  tar  system  within  the  framewc  of  quadratic  programming. 
We  write  in  p  .ace  of  the  system  of  equatic  s  of  the  method  of  forces 
a  system  of  inequalities  in  the  form 


(6-9) 


and  we  seek  a  minimum  of  the  smoothing  quadratic  form  equal,  for 
example,  to  the  sum  of  the  squares  of  the  differences  of  the  excess 
unkowns  at  neighboring  nodes  in  both  directions ,and  the  sum  of  the 
squares  of  the  values  of  the  unknowns  themselves,  multiplied  by  some 
positive  weighting  functions  of  an  integer  argument  (of  the  framework 
nodes),  under  the  condition  that  the  inequalities  (6*9)  be  satisfied. 
We  assume  the  function  to  be  convex.  In  the  problems  being 
considered  the  quantity  a,  which  characterizes  the  maximal  acceptable 
error  in  the  equations  of  the  method  of  forces  in  each  specific 
case,  may  be  estimated  quite  accurately.  Algorithms  for  the  solution 
of  this  problem  formulation  in  quadratic  programming  theory  are 
known.  Similar  arguments  may  be  applied  to  the  integral  equations  of 
the  uncoupling  method. 
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ON  THE  DETERMINATION  OP  THE  MOMENTLESS  STRESS  STATE 
IN  COVERINGS  WITH  POLYGONAL  PLANFORM 


V.  Ya.  Pavilaynen 


Shells  which  cover  a  space  with  nonrectangular  planform  find 
application  in  the  construction  of  pavilions,  trade  centers, and 
other  structures.  Here  the  most  efficient  shells  are  those  in  which 
the  midsurface  has  positive  Gaussian  curvature,  since  these  shells 
provide  a  stress  state  which  is  nearly  moment-free  under  the  primary 
design  loads  (dead  weight,  snow).  In  this  case  a  considerable  portion 
of  the  shell,  with  the  exception  of  small  regions  near  the  edge, 
operates  in  uniform  compression  and  this  permits  effective  use  of  the 
material  in  reinforced  concrete  designs. 

It  is  advisable  to  perform  the  calculation  of  these  coverings  on 
the  basis  of  the  equations  of  momentless  shell  theory  in  Cartesian 
coordinates,  first  derived  by  Pucher  [1]  and  valid  for  shells  of 
arbitrary  rise.  In  formulating  the  boundary  conditions, it  is  usually 
assumed  that  the  elements  of  the  shell  supporting  contour  have 
stiffness  only  in  the  shell  plane  and  that  the  entire  load  is  trans¬ 
mitted  by  means  of  tangential  forces.  As  a  rule  these  forces  increase 
with  approach  to  the  corners  of  the  covering  and  may,  in  particular, 
increase  without  limit  in  absolute  magnitude  [2]. 

This  fact  indicates  that  under  certain  conditions  the  momentless 
nature  of  the  stress  state  is  significantly  disrupted  near  the  shell 
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support  contour  and  also  at  the  shell  corners.  However,  in  many 
cases  all  the  moment less  forces  in  the  shell  may  remain  finite, 
and  this  has  been  the  subject  of  several  studies,  including  [3].  The 
Interest  in  this  question  is  explained  by  the  fact  that  the  determi¬ 
nation  of  the  contour  forces,  and  also  the  stress  state  in  the  corner 
area,  where  there  is  a  marked  increase  of  the  tangential  stresses, 
is  the  most  critical  part  of  the  design  and  controls  the  choice  of 
the  optimal  constructional  version. 


In  the  present  paper  we  suggest  a  method  for  calculating  cover¬ 
ings  with  nonrectangular  planform  which  differs  from  that  of  [3].  The 
Pucher  system  of  equations  is  generalized  to  the  case  of  an  oblique 
Cartesian  coordinate  system.  We  examine  several  cases  of  the 
application  of  the  resulting  equations  to  the  analysis  of  coverings 
which  have  an  arbitrary  parallelogram  planform,  and  also  the  questions 
of  direct  determination  of  the  tangential  forces  ai,  the  shell  corners. 


i  1.  Equilibrium  Equations  of  Momentless 
Shell  Theory  in  Oblique  Cartesian 
Coordinates 


The  shell  midsurface  is  given  by 

*=*(*,  y). 


(i*D 


Figure  1, 
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where  x,  y,  z  are  oblique  Cartesian  coordinates  (Figure  1).  The 
X  and  Y  axes  of  this  system  lie  in  the  horizontal  plane  of  the  shell 
planform  and  form  the  angle  x  with  one  another.  The  Z  axis  is  directed 
upward  along  the  vertical,  and  the  unit  vectors  7.  J.  k  are  connected 
by  the  relations  ^  „ 

SX. 

(1.2) 

p,7|  =  sin  x*. 

[7-  *1=-^-  ***7 

(1'3) 

In  the  general  case,  in  which  the  shell  planform  is  an  arbitrary 
polygon,  it  is  advisable  to  select  the  angle  x  and  direct  the  X  and 
Y  axes  so  that  they  are  parallel  to  two  adjacent  sides  of  the  shell 
planform  contour.  The  x  and  y  coordinate  lines  on  the  midsurface 
will  be  the  curves  formed  by  intersection  with  planes  parallel  to 
the  planes  XOZ  and  YOZ ,  respectively.  Generally  speaking,  such  a 
system  is  not  orthogonal. 


In  fact,  taking  the  parameters  x  and  y  as  curvilinear  Gaussian 
coordinates  of  the  surface,  we  write  (1*1)  in  vector  form 

r(x,  y)—xi+yj  +  z(x,  y)k.  (1-4) 

The  vectors  tangent  to  the  coordinate  lines  will  be 


and  the  corresponding  unit  vectors  are 


(1-5) 


(1-6) 
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Here  A^, 


are  the  Lamd  parameters 


v=l?,l-y-i+(g)r. 

^=!<-,l=  V  '+($•)"• 


With  account  for  (1*2)  we  find 


"y-^fV'+w 


(cosx+^-*$)=cos«. 


(1-7) 


(1-8) 


where  <|>  is  the  angle  between  the  coordinate  lines  on  the  surface 
(see  Figure  1).  It  follows  from  (1-8)  that  in  the  general  case 

and,  consequently,  the  coordinate  line  grid  on  the  surface 
is  not  orthogonal.  The  unit  vector  normal  to  the  surface,  defined 
by  the  formula 


1ST 

will  be,  on  the  basis  of  (1*3)  and  (1-8), 


V“,»+(S)'+(£)'-i°»i£f 

;  x[(-Si-£+'tt!tS)'+ 

+  l~5J7  £+ctexjr)7+  sin x*J . 

Let  us  consider  the  conditions  for  momentless  equilibrium  of  a 
small  element  cut  from  the  shell  by  two  nearby  planes  parallel  to  the 
XOZ  plane  and  by  two  nearby  planes  pr-  'ullel*  to  the  YOZ  plane  (see 
Figure  1).  The  sides  of  this  element  are 


(1-10, 


and  its  projection  on  the  XOY  plane  is  a  parallelogram  with  sides  dx 
and  dy  and  the  included  angle  x* 
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We  denote  ‘he  force  vector  acting  on  the  unit  arc  length  MN  by 
-$x  and  the  force  vector  acting  on  the  unit  arc  length  MQ  by  -If  , 
where 


h~Tj+?J±Tj, 

Then  the  force  acting  on  the  entire  arc  MN  equals 

-  TjgdSf  ~--Tx  yf  1  -f  (^)*  dy  —  -Sxdy, 

and  on  the  arc  MQ  yl^gf  dx=-S,dx, 


(1-11) 


(1-12). 


(1  12). 


On  the  opposite  sides  PQ  and  NP  the  following  forces  act 

—  ( 1  *13 ) 

In  (1.12),  (1.13)  we  have  introduced  the  new  forces  $x  and 
, whose  decompositions  along  the  1,  it  axes  have  the  form 


x=sj+sj+sj, 

iySsSyJ  +  Syf/  +  Sjgk, 

and  from  (1.11)  and  (.1.12)  we  have  the  obvious  relations 


(.1-14) 


S,*  =  7’«|/  !+(! 

*)’• 

v.  V 

+ 

** 

II 

CO* 

S,j=Tjy^  1  +  (ij)1 

S*t=Tkt^  l+(‘ 

*)■»  »+(£)' 

(1.15) 


We  denote  the  external  force  vector  acting  on  the  shell  element 
in  question  by 


b4 
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&=  [faC«.  jr)7+  9,  (■*.  yjj+9.  (x.  y)  *1  dii, 


where  dSk=tHaxfixdy  is  the  area  of  the  parallelogram  M'N'P'Q’ 

(see  Plgure  1)  and  q„  q  q„  are  the  load  intensities,  given  in 

x,  y ,  z 

the  XOY  coordinate  plane. 


The  condition  for  vanishing  of  the  principal  vector  of  the  exter¬ 
nal  and  internal  forces  applied  to  the  element  is  expressed  by  the 

equation 


<5  •* 

XT  +  ~Sj  +  (?*< + 9yJ + 9$)  X =< o. 


(1  16) 


which  is  projected  onto  the  coordinate  axes  with  account  for  (1*14) 
and  (1*2)  to  yield 

+  cmI+(^  +  “5I)+*,S<«X=0. 


(1*17) 


Consider  the  first  two  equations  (1*17).  Since  in  all  the 
arguments  it  is  assumed  that  the  angle  X  f1  0*^  (otherwise  the 
problem  formulation  loses  meaning),  these  equations  may  be  solved 
for  the  expressions  in  the  parentheses.  As  a  result  (1.17)  is 

written  as 

9Sjg  i  iSjjt  fx  , 

“JT  +  ~Sf  —  -  ‘"•X 


TV 


ii~  +  ?xCtgX. 


(1*18) 


Now  let  us  find  the  condition  for  vanishing  of  the  principal 
moment  of  all  the  forces  acting  on  the  isolated  middle  surface 
element.  We  take  as  the  reference  point  the  center  of  gravity  of 
the  element (see  Figure  l),and  we  note  that  the  radius  vectors  of  the 
points  of  application  of  the  internal  forces  on  its  edges  are 
characterized  by  the  relations 

ds^dxJ+dzk  —  fJ  +  ■£*)<*•*. 

£,=dyj+dzk=  (y  +  dy.  (1-19) 
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Then,  retaining  terms  of  no  higher  than  second  ord«T  of  smallness, 
the  sought  equality  is  written  in  the  form 


p +  (1-20) 


Projecting  (1*20)  onto  the  coordinate  axes  and  considering  (l«l4) 
(1  •  3) *  sin  x  M,  we  find 


S,M + sx ,  cos  1=  %  +  SXy  +  SyM  g-)cos  x, 

cos  x  -f  Sxt= +  S,*  +  eQS  x. 


Sxf-Syx- 


(1*21) 


From  the  first  two  equations  (1-21)  we  have 

S  tM  —  Sjtx  4  Sjx  gf 

Sj*=zSrj£+S*>Zr 


(1-22) 


Equalities  (1-22)  show  that  the  Internal  forces  on  the  shell  which  is 
in  the  momentless  stress  state  do  not  have  components  normal  to  the 
midsurface.  To  see  this  we  examine  the  decompositions  of  the  vectors 
Tx*  Tr  ,  along  the  directions  e1,  e2>  en: 


r,=  7>,  +  Tvft  +  Tue», 

T, = Tnex  +  7V«,+  T**e" 


(1.23) 


Projecting  on  the  direction  en  and  taking  account  of 


(1-9)  and  (1-11), we  have 

TM'€a—  “ 


*  +  (■£)'  +(^),-2cosx^'^ 
x  [~  T*y  iy+  7’rf]=°. 


since  the  expression  in  the  square  brackets  vanishes  in  view  of 
(1*15)  and  (1.22)^- 
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We  obtain  similarly 


7*i  =0. 


Now  let  us  find  the  coefficients  T^,  T  ,  T21,  T2,  i.e.,  the 
components  of  the  vec t-orr  and  Tf  along  the  coordinate  direc¬ 

tions.  We  project  TM  or.t r>  the  directions  e,  and  *t: 

?Vcos^= 


s  7  l/gf(7>w + 008  + £  tA • 

T,^=  r,cos*+ru= 

■^^r(r„cM,+  rJ,+  -r„). 


(1.24) 


Transforming  the  numerator  in  the  right  side  of  (1-24)1  with  account 
for  (1.15)  and  (1.22),, we  obtain  the  expression 


- Oy T|  [$**  +  COS  xSjy  *f 


+s(s»B+s«’s)]= 

tWI1  +(£)']s"+(cos'+s-|)^j- 


wliich  wg;  substitute  into  (1.24) ^  to  find 


^»+rwco«t— ' 


$xjc  ~l"  cos  • 


(l.25)n 


Equality  ( 1 .  -2 4 )  2  is  reduced  in  the  same  way  to  the  form 


7* i  cot  ^  7 u — cos  ^ 


~^W 


s„+s. 


(1-25). 
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Hence 


(1.26) 


The  coefficients  T21  and  T2  are  found  by  entirely  analogous  arguments 
as  a  result  of  which  we  have 


7*„  =  5  , 


(1-27) 


Formulas  (1.26)  and  (1-27),  first  derived  by  Pucher  [1],  define  all 
the  tangential  forces  in  the  momentless  shell  and,  in  particular, 
establish  the  pairinglaw  for  the  tangential  stresses  T12  and  T21 
in  the  adopted  coordinate  system. 


To  derive  the  resolving  equation  of  the  problem  ,we  substitute 

S  and  S  in  accordance  with  (1*22)  and  (1.21)-  into  (1.18) 0 
xz  yz  id 

which  takes  the  form 


s"£+^J§r+Sjr,  •  £ -ctgX|jr) 

cfcxlf)  — ?*slnx.  (1-28) 

The  first  two  equations  (.1*18 )  will  be  satisfied  identically 
if  we  introduce  the  stress  function  F,  associated  with  the  forces 
SXX*  Sxy  *  Syy  by  the  fOrmUlas 


-^ctgx]  dx. 

-?,ctgx]<K. 

= sjx  =  - 

.  *F 
'  fxdy 

and  (1.28)  takes  the  final  form 


1 
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*. 

I 

P 


& 


i£ 

% 

i 


t- 


&’&*  2a^ja5‘+S*^=~?*s,nx 

+ *’  [^|  t»i' ”' ****'■ 7 ) ix  ] + 

+  ^[vlfe-^ct8x)<y] 

L  *  .•  •  J  (1-30) 

and  Is  identical  to  the  familiar  Pucher  equation  [1],  differing  from 
the  latter  only  in  the  form  of  the  right  side.  Thus  (1*30)  may  be 
considered  a  generalization  of  the  Pucher  equation  to  the  oblique 
Cartesian  coordinate  system. 

S.  2.  Some  Analysis  Problems 

It  is  convenient  to  use  the  relations  obtained  in  the  preceding 
section  for  the  analysis  of  shells  whose  planform  is  arbitrary.  In 
this  case  we  refer  the  surface  to  the  oblique  Cartesian  coordinate 
system  and  find  the  eolutJ.on  of  (1*30). 

The  use  of  this  eouation  makes  it  possible  to  determine  directly 

the  tangential  forces  at  the  corners  of  coverings  with  polygonal 

planform)  which  is  of  definite  practical  interest.  We  shall  demon- 

« 

strate  this  on  the  example  of  a  paraboloid  of  revolution  having  an 
equilateral  triangle  planform.  We  first  consider  the  XYZ  system  of 
rectangular  Cartesian  coordinates  in  which  the  equation  of  the  shell 
midsurface  has  the  form  (Figure  2) 

f).  (2,1) 

and  the  load  is  distributed  uniformly  in  the  planform  plane,  i.e., 


=  —  ft=COUSt. 


Then  the  problem  reduces  to  integration  of  the  Poisson  equation 


,  mr  _  2**» 
Tt+'S?--  — 


(2-2) 
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whose  solution,  by  analogy  with  the  problem  of  torsion  of  a  prismatic 
bar,  may  be  obtained  in  closed  form  [2]. 


Differentiating  (2. 3), we  find  the  forces  S  ,  S  ,  S  : 

_ _  xx  yy  xy 


+t)> 


(2.3) 


(2.4) 


,\\\  r 


s. 


Cln&JI) 


r 


Figure  2. 


Figure  3' 


At  the  boundary  y=-^=|:'(JC+2a)  'the  forces  normal  and  tangential 
to  the  contour  are  found  from  the  formulas 

S^=S„  sin*  a  Syy  cos*  *  —  Sxy  sin  2a, 

S’mj—  y  (% — sxx)  sin  2a  +  S„  cos  2*. 


(2.5) 


where  a  is  the  angle  between  the  tangent  to  the  contour  and  the  X 
axis.  Substituting  (2.4)  into  these  equalities  and  setting  a=-y . 


we  obtain 


s;,=TV*?(;+r). 


In  particular,  at  the  shell  corners 
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m 


f 

i' 

I? 

1^' 


S'  for x=— 2a, 

*7  k 

S^frflpL  for  •*=*• 

(2.6) 

We  note  that  the  same  values  of  S  may  be  obtained  If  in  (2.4),  we 
r—  xy  3 

set  y  =  +  /3a  • 

Thus,  in  the  general  case,  in  order  to  determine  the  tangential 
forces  at  the  shell  corners  we  must  have,  first,  the  solution  of  the 
differential  equation  (2.2)and,  second,  the  subsequent  scaling  of 
the  forces. 


Let  us  show  that  all  this  may  be  avoided  if  we  use  ( 1 . 30 ) .  We 

return  to  the  example  in  question.  In  the  shell  planform  plane  we 

introduce  the  oblique  Cartesian  coordinate  system  xOy  (Figure  3)» 

which  may  be  obtained  from  the  basic  coordinate  system  by  rotating 

the  system  XOY  through  the  angle  ^  clockwise  and  a  further  rotation 

of  the  Yl  axis  through  the  same  angle.  Let  us  find  the  equation  of 

the  surface  (2.1)  in  this  coordinate  system. 

•  * 

2  2 

The  expression  x  +  y  is  invariant  to  the  first  axis  of  rotation; 
therefore,  (2:1)  remains  unchanged  in  the  X'OY*  system.  In  the 
second  transformation  the  coordinates  of  any  point  M  in  the  X'OY'  and 
xOy  systems  will  be  connected  by  the  relations 


j/jcrX-f  JCOS/., 

y=ystnx. 


(2.7) 


Substituting  (2.7)  into  (2.1), we  obtain 

*  *=  *  ~ or  (** ' +? + 2x>co* x)’ 


or  for  X=-y, 


(2.8) 


z— +y*+ *y)- 


(2.9) 
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This  is  then  the  equation  of  the  surface  in  question  in  the  xOy 
coordinate  system  (see  Figure  3)*  Hence, we  have 


A  A  A  *  _  * 

J3=J5*-_35«’  42*’ 


and  (1.3Q)  takes  the  form 


mp  .*f 

J5*  S3y+3F 


*lnx 


_ 

H 


(2.10) 


As  we  would  expect,  in  the  new  coordinate  system  the  twist  of  the 
surface  element,  characterized  by  the  quantity  is  nonzero, 

since  one  of  the  families  of  coordinate  lines  no  longer  coincides  with 

the  lines  of  translation.  This  ensures  retention  in  (1.30)  of  the 

d*F 

term  containing  and  in  the  final  analysis  assures  equilibration 

of  the  vertical  load  in  the  corner  zones  by  the  tangential  forces 
alone.  For  the  boundary  condition  version  adopted 


dv 


W\  » 

Mm’7T 


— n  c  1_ 

— 0.  -faf 


=0. 


f~VT‘ 


(2.11) 


Using  (2. 11), we  find  the  tangential  forces  at  the  point  (— ~^ja) 
directly  from  (2.10) 


(2.12) 


which,  completes  the  solution  of  the  posed  problem. 


Now  let  the  original  surface  (2.1)  have  an  arbitrary  polygonal 
planform.  By  selecting  the  angle  x  and  the  direction  of  the  coordi¬ 
nate  axes,  by  analogy  with  the  preceding  example,  we  write  (1.30)  in 
the  form 


2m*  ..  ' 

-T-sUrz, 


(2.13) 


where  the  value  of  the  angle  x  depends  only  on  the  choice  of  the  shell 

planform  corner  at  which  the  shearing  force  is  determined.  Assuming 

that  edge  conditions  analogous  to  (2.11)  are  satisfied  on  the 

adjacent  edges,  we  obtain  the  formula  for  the  force  S  at  the  corner 

xy 

p<  int 
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wxxrtvirm  r *mk>  mwi  tae  «gi 


r^arymi 


mm/w 


JMMIMMi 


4 


**»■ — ~  EXT =  -  t«  X 

(2.14) 

This  formula  shows  that  if  the  paraboloid  of  revolution  has  a  poly¬ 
gonal  planform  the  tangential  force  at  the  corner  points  is  propor¬ 
tional  to  tgx  and  has  a  singularity  only  at  the  point  x=-y<  while 
this  force  remains  finite  for  all  other  values  of  the  angle  x  in  the 
Intervals 


0<X<T*  7<X<* 

Moreover,  (2.14)  implies  that  Sxy  changes  sign  as  the  angle 
X  passes  through  the  singular  point.  For  example,  if  the  surface 
(2.1)  has  a  regular  hexagonal  planform,  i.e.,  *=*-|-*,  then  we 
obtain 


In  conclusion  we  note  that  in  certain  cases  the  forces  in  the 
shell  with,  oblique  planform  may  be  obtained  by  simple  scaling,  with¬ 
out  solving  the  differential  equations,  if  we  know  the  solution  for 
the  corresponding  shell  in  the  rectangular  Cartesian  coordinate 
system.  We  shall  clarify  this  by  an  example. 


Let  the  shell  midsurface  be  a  surface  of  translation  whose 
equation  is 


*(■*,  jQ-AW+My). 


(2.15) 

and  the  lines  of  translation  z 1  ■  f  (x)  and  z^  =  f2  ^  are  lccated 
In  mutually  perpendicular  vertical  planes.  In  the  case  of  a  load 
which  is  uniformly  distributed  over  the  shell  planform,  the  Pucher 
equation  will  have  the  form 


•Pft  * /’,**/,  #F 


(2.16) 


Now  let  us  assume  that  the  solution  of  (2.16)  is  known  and  examine 
another  surface  of  translation  with  nonrectangular  planform,  whose 
lines  of  translation  are  located  in  vertical  planes  which  form  the 
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arbitrary  angle  x  with  one  another,  and  are  also  described  in  these 
planes  by  the  equations  z^  =  (x)  and  z0  =  f2  (y).  For  the  same 

load  =  ~Q0,  the  equation  (1.30)  for  such  a  surface  takes  the  form 


from  which  it  becomes  quite  clear  that  for  the  same  boundary  conditions 
all  the  Internal  forces  in  the  corresponding  sections  of  the  second 
shell  may  be  obtained  by  simple  multiplication  of  the  known  forces 
for  the  first  shell  by  the  constant  sin  x*  For  example,  the  case  of 
a  cylindrical  surface  having  a  parallelogram  planform  immediately 
reduces  to  the  analogous  surface  with  rectangular  planform. 

Consider  still  another  example. 
Let  the  equation  of  the  shell  mid- 
surface  expressed  in  oblique  Carte¬ 
sian  coordinates  have  the  form 

*— *— ip(-*,+y). 

For  q  a  -q  the  equation  (1.30) 
z  o 

for  such  a  surface  will  be 

■5+5— ¥-*■ 

and  on  the  basis  of (2. 3)  the  cor¬ 
responding  function 

F= -  [sr(^— W)- -Ta1  +  7  <*+.*>]««»  X. 

vanishes  on  the  triangular  contour  (Figure  4).  Thus,  by  multiplying 
(2.4)  by  sin  x  we  obtain  the  solution  in  closed  form  for  the  surface 
of  translation  which  is  analogous  to  an  elliptical  paraboloid  and 
has  the  indicated  triangular  planform. 
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SOME  CASES  OP  TORSION  OF  BARS  WITH 
VARYING  ELASTIC  MODULI 


S.  G.  Lekhnitskiy 


The  problem  of  torsion  of  an  elastic  bar  of  constant  cross 
section  in  the  classical  formulation,  i.e.,  under  the  assumption 
that  the  deformations  are  small  and  the  material  obeys  the  generalized 
Hooke's  law,  is  known  to  reduce  to  the  determination  of  a  stress 
function  which  satisfies  in  the  region  of  the  cross  section  a 
second-order  linear  equation  and  takes  a  constant  value  on -the  con¬ 
tour.  For  a  homogeneous  bar  this  equation  has  constant  coefficients 
which  depend  on  the  modulus  of  elasticity  [l,  page  1 49 D •  However, 
if  the  elastic  moduli  are  continuous  functions  of  the  coordinates 
we  obtain  for  ♦-•he  stress  function  a  second-order  differential  equation 
with  variable  coefficients,  and  the  question  of  finding  an  effective 
solution  for  the  torsion  problem  becomes  much  more  complex.  It 
appears  that  this  problem  has  been  solved  only  for  a  bar  in  the 
form  of  a  solid  or  hollow  circular  cylinder  having  cylindrical  aniso¬ 
tropy,  with  elastic  moduli  which  are  constant  along  the  length  [2] 

[1,  pages  203-205]. 

In  the  present  article  we  consider  several  cases  of  bars  with 
variable  moduli  for  which  an  effective  solution  of  the  torsion  problem 
may  be  obtained  elementarily,  using  the  same  methods  used  in  solving 
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the  corresponding  problems  for  the  homogeneous  isotropic  bar.  These 
cases  are,  first,  an  orthotropic  bar  of  rectangular  section  with 
shear  moduli  given  in  the  form  of  exponential  and  power-law  functions 
of  the  single  coordinate  y  and,  second,  a  tubular  bar  having 
cylindrical  anisotropy  in  which  the  moduli  depend  on  the  distance 
r  from  the  center  of  the  section  and  vary  along  the  length. 

i  1.  General  Torsion  Theory  Equations  for 

i 

a  Bar  with  Rectilinear  Anisotropy 

Consider  an  elastic  bar  of  arbitrary  constant  cross  section 
having  rectilinear  anisotropy.  We  use  the  x,  y,  z  coordinate  system, 
aligning  the  xy  plane  with  the  plane  of  one  of  the  ends  and  directing 
the  z  axis  parallel  to  the  generator  (Figure  1).  Forces  which  reduce 
to  the  twisting  moments  M  are  distributed  over  the  ends. 

We  make  the  following  assump¬ 
tions: 

1.  The  bar  material  obeys 
the  generalized  Hooke's  law  and 
experiences  small  deformations 
under  the  influence  of  the  load. 


2.  At  each  point  there  is 
a  plane  of  elastic  symmetry  normal 
to  the  bar  centerline,  and  conse¬ 
quently  the  number  of  independent 
coefficients  appearing  in  the 
Hooke's  law  is  13. 


Figure  1 


equation  of  the  generalized 


,  3.  The  deformation  coefficients  a^  are  continuous  differenti¬ 

able  functions  of  the  two  coordinates  x  and  y,but  do  not  very  along 
the  length  of  the  bar.  Thus,  we  shall  consider  only  "continuous 
inhomogeneity"  and  exclude  from  consideration  bars  composed  of 

different  materials  (composite  bars),  in  which  the  elastic  properties 

it 

vary  abruptly  from  point  to  point. 
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We  shall  use  the  conventional  notations  of  elasticity  theory. 


The  basis  of  Saint  Venant  torsion  theory  is  that  four  of  the 
six  stress  components  vanish 


ax=zayrz=it—*XyZczQ, 


(1.1) 


while  the  other  two,  as  implied  by  the  equilibrium  equations,  are 
expressed  in  terms  of  the  stress  function  ^(x,y) 


(1.2) 


In  view  of  (1.1)., we  write  the  equations  expressing  the  general-. 
Izcd  Hooke's  law  as  follows 


«x=0,  1ft—Ouxya'\'a*%xxat 

Trf  —  "4“  *jn*  ■ 

•m=0.  Tr,=0. 


(1.3) 


where 


*•••  ^=£+t5' .  (jl 

u,  v,  w  are  the  projections  of  the  displacement  on  the  directions  of 
the  x,  y,  z  axes. 


From  these  equations  , we  obtain  the  expressions  for  the 
displacements 


V=-*XZ-\--[X  —  ZZ-\-Vi, 

w=f(x,y)+*y—t*+v*  (1.5) 


and  the  equations  which  the  "torsion  function" 
function  must  satisfy 


£  =  •>"!-««# -flag. 


and  the  stress 


(1.6) 
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Excluding  +  from  (1.6),  we  obtain  a  second-order  equation  with 
variable  coefficients  for  the  stress  function 

+ £(*“  a*4) = _2i* 

(1.7) 

The  boundary  condition  for  ^  is  derived  Just  as  in  the  case 
of  the  homogeneous  bar  and  reduces  to  the  following:  the  stress 
function  takes  constant  values  on  every  contour  bounding  the 
section ;  in  particular,  in  the  case  of  a  singly  connected  region  i|>  ■  0 
on  the  contour. 


The  constant  •  ,  the  relative  rotation,  or  twist,  is  proportional 

to  the  torsional  moment 


l» 


(1.8) 


In  the  case  of  a  singly  connected  cross  section  region  S  the 
stiffness  C  is 


(1.9) 


The  constants  A  T.  which  express  the  "rigidrt 

displacements,  are  determined  from  the  conditions  at  the  restrained 
end  of  the  bar.  We  consider  the  end  z  *  0  free  and  the  end  z  «  1 
restrained7and  we  find  all  six  constants  by  requiring  that  a  small 
area  in  the  z  «»  1_  plane  (_1  is  the  bar  length)  be  stationary. 


&  2.  Orthotropic  Rectangular  Bar 


In  the  case  of  an  orthotropic  bar, the  number  of  independent 
coefficients  a^  reduces  to  nine.  If  the  bar  is  orthotropic  and  the 
coordinate  axes  are  directed  normal  to  the  planes  of  elastic  symmetry, 
in  (1.3),  (1.6)  and  (1.7)  we  must  set 


«u=0, 


<JT*  a« 


i 

ST’ 


(2.1) 
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where  G-^x,  y),  G  ,(x,  y)  are  the  shear  moduli  for  the  planes  of 
elastic  symmetry  parallel  to  yz  and  xz.  We  obtain  the  simpler  equation 
for  the  stress  function  in  place  of  (1.7) 

^  (i-*  =  (2.2) 

which  becomes  in  the  case  of  a  homogeneous  bar  an  equation  of  the 
elliptic  type  with  constant  coefficients  and,  in  particular,  the 
Poission  equation  for  a  homogeneous  isotropic  bar. 

Consider  torsion  of  an  ortho- 
tropic  bar  of  rectangular  section 
with  sides  a  and  b.  We  assume  that 
the  planes  of  elastic  symmetry  at 
every  point  are  parallel  to  the 
planes  bounding  the  bar.  Directing 
the  axes  as  shown  in  Figure  2,  we 
restrict  ourselves  to  study  of  the 
cases  when  Gx  and  G 2  depend  only 
on  the  single  coordinate  y.  In 
these  cases  it  is  possible  to  use  for  the  solution  the  same  series 
method  as  is  used  for  the  isotropic  and  homogeneous  orthotropic 
bars. 


The  boundary  conditions  reduce  to 


$=0  for  *=0,  *-a,  y=±1.. 


(2.3) 


We  expand  the  right  side  of  (2.2)  into  a  Fourier  sine  series 
on  the  interval  (0,  a)  and  obtain 


We  seek  the  expression  for  \p  in  the  form  of  the  series 


(2.4) 


♦=  2  r‘W,,n*r- 


(2.5) 
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It  will  satisfy  the  conditions  on  both  sides  x 
tuting  (2.1!)  and  (2.5)  into  (2.2),  we  obtain 

(*=1,3,5, 


0,  x  »  a.  Substi- 


(2.5) 


Denoting  by  YkQ  the  particular  solution  of  the  inhomogeneous 
equation  (2.6)  and  by  Y^  and  Yk2  the  linearly  independent  solutions 
of  the  corresponding  homogeneous  equation,  we  obtain  the  general 
expression  for  the  function  } 


k-l, 


(2.7) 


The  constants  A^,  for  each  value  of  k  are  found  from  the  con¬ 
ditions  on  the  sides  y=± and  are  expressed  in  terms  of  <>  , 

which  in  turn  is  found  from  (1.8)-(1*9)» 

It  is  obvious  that  the  particular  solutions  Yfcl,  Yfc2  cannot  be 
found  in  explicit  form  for  arbitrary  G^  and  G2.  The  solution  of  the 
inhomogeneous  equation  for  YkQ  is  found  from  one  of  the  known  solutions 
of  the  homogeneous  equation  with  the  aid  of  quadratures. 

Let  us  analyze  further  two  cases  of  the  representation  of  G.^ 
and  G2  in  which  the  particular  solutions  of  the  homogeneous  equation 
corresponding  to  (2.6)  are  found  simply:  these  solutions  are  express¬ 
ed  either  in  terms  of  elementrary  functions  or  Bessel  functions. 

§  3-  Rectangular  Bar  with  Shear  Moduli 
Given  in  the  Form  of  Exponential 
Functions 


Let  the  shear  moduli  of  the  bar  shown  in  Figure  2  be  given  as 


follows 


_  -5  -2 

.  Q»-gte  *  1 


(3-D 


where  n  is  any  real  number:  positive,  negative,  whole,  fractional  or 

zero,  and  g. ,  g0  are  constants  having  the  dimension  of  the  shear 
id  2 

modulus,  i.e.,  kg  /cm  . 
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Substituting  (3*1)  into  the  equation  for  ,we  obtain  a  second- 


order  inhomogeneous  equation  with  constant  coefficients 


(3-2) 


*•  ti  <?T 


is  the  ratio  of  the  shear  moduli,  a  constant. 


(3-3) 


Equation  (3-2)  is  easily  solved.  We  denote:  c 
the  sides  of  the  section). 


**=0,5^1^ «*-f  n  J , 


a:b  (ratio  of 


(3. 4) 


In  the  following, we  shall  drop  the  subscript  k  in  these  quanti¬ 
ties  for  simplicity  of  writing,  i.e.,  we  write  s ,  t  in  place  of  s^,  tk< 
The  general  integral  of  (3.2)  is 


Determining  and  from  the  conditions 

k*(4-)=j'*(-4)=o.  (; 

we  obtain  the  final  expressions  for  the  stress  function  and  the 
stress  components 

x y  •  ‘_+ ,-yLg.  (3.7) 

Mtk 41  L  Jh  (» +  o  f  J 


(3.5) 


(3.6) 


_  8>ri«  v 

I  —  A 


(3.7) 
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? 
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t 


X 


,„=_•£•  X 

V-  . 

sh(*  —  0-j*  —  »fc{*-t-*)y«  * 

•M'+O-j 


(3.8) 


Here  and  In  all  the  following  formulas  the  symbol  Z  denotes  for 
simplicity  summation  over  odd  k  from  1  to  •,  as  In  (2.7). 


The  expression  for  the  stiffness,  found  from  (1.9),  has  the 


form 


c=  JS^S-x 


j*  **k(*+*)-j*liy 


\V  |*S" 


*(*  +  0* 


>t] 


(3-9) 


We  know  that  the  maximal  stress  in  a  homogeneous  Isotropic  bar 
for  a  >  b  is  found  at  the  points  x=-j,y=±y.  i.e.,  at  the 

mid  points  of  the  long  sides  of  the  rectangle.  The  question  of  the 
location  of  the  most  highly  stressed  points  in  the  present  case  can 
be  only  resolved  by  specifying  numerical  values  of  n. 


In  a  particular  case  we  obtain  from  C3-7) — (3-9).  formulas  for 
the  homogeneous  orthotropic  rectangular  har.  Specifically,  setting 
n  *  0  we  obtain 


(3.10) 


Then  (3.7)  and  (3-9)  become  the  familiar  expressions  [1,  pages 
157-158] 


(3.11) 
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aigm*3. 


C= 


330. 


JjM1- 


kV^«>- 


■)• 


(3.12) 


S  4.  Rectangular  Bar  with  Shear  Moduli 

Given  in  the  Form  of  Power-Law  Functions 


It  is  not  difficult  to  obtain  the  solution  in  those  cases  in 
which  the  shear  moduli  are  represented  by  power-law  functions  of  the 
distance,  namely. 


(4.1) 


Here  m  and  n  are  any  real  numbers  —  positive,  negative, 
whole,  fractional  or  zero,  equal  or  unequal;  g.  g„  are  constants 
having  the  dimension  of  the  shear  modulus;  and  yQ  Is  a  positive 
constant  with  the  dimension  of  length.  Since  by  definition  the 
shear  moduli  cannot  be  negative  and  imaginary  or  complex  numbers, 
we  shall  consider  that  the  bracketed  expressions  in  (4.1)  are  always 
positive  within  the  rectangle,  or  at  most  vanish  at  the  side  y  *  -b/2, 
i.e.,  we  assume  that  yQ  >  b/2. 


Equation  (2.6)  will  have  the  form 


[  (4.2) 


(4.2) 


We  Introduce  the  new  variahle 


n=y+y* 

and  denote  by  primes  derivatives  with  respect  to  n, rather  than 
respect  to  y.  Then  we  obtain  in  place  of  (4.2) 


(4.31 

with 


+ *  K -  (4r)  f.*"- v—  =  -  ^T1  r". 


(4.4) 


The  integral  of  this  equation  is  expressed  in  terms  of  Bessel 
functions  (of  imaginary  argument)  [3,  pages  52,  53,  47]. 
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p*rnn**±i* 


We  introduce  the  notations  (the  sign  of  the  expression  for  N 
is  selected  so  that  N  >  0) 


_  «-l  ._*+■-*  — OL./Ji 

*——57-.  P—  ]  .  ~  -  2  +  «-«  •  •—  a 


(4.5) 


Then  for  noninteger  N  the  particular  linearly  independent 
solutions  of  the  homogeneous  equation  corresponding  to  (4.4)  will  be 


Km=v*MtV).  Km=v'/-.v(tV). 


(4.6) 


where  1^  is  the  Bessel  function  of  the  first  kind  of  the  purely 
imaginary  argument  iyn^.  For  integer  N  we  must  substitute  K^(yne) 
(the  Macdonald  function),  in  place  of  I_N(vne)  . 

We  find  the  particular  solution  of  the  second-order  inhomogeneous 
equation  (4.4)  for’  the  known  Y.  this  solution  will  have  the  form 


Wit 


*  1  f 

r-*= 


Ykxd^d,, 


(4.7) 


Por  N  not  *qUAl  to  an  integer  or  ZLero,  we  obtain  the  following 


expression  for  the£  stress  function 


♦*»5!l*r*MTV)+ Btr‘f-s(W)+  y*\  *m  ~ . 


Por  integer  or  zero  N 


***  2  ’r*,<r  + B* 11  (T».? )  +  Yu\  sin  ~ . 


(4.8) 


(4.9) 


We  find  the  filial  expressions  for  \p  after  determining  the 
constants  A^.  and  fYom  the  conditions  at  the  sides  j'=±y.  but 
in  view  of  thqir  complexity  we  shall  not  write  them  out  here.  Nor 
shall  we  write  out  the  formulas  for  the  stiffness,  which  are  obtained 
fran  (1.9)  after  determining  and  Bk  (which,  just  as  YkQ,  will  be 
proportional  to  the  constant  ♦  ). 
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5  5-  Particular  Cases  of  Power-Law 
Dependence 

We  shall  consider  the  most  typical  cases  of  power-law  dependence 

of  the  shear  modulus  on  y  +  y  . 

o 

Equation  (4.4)  and  the  expression  for  41  are  simplified  somewhat 
when  the  shear  moduli  are  proportional  to  the  same  power  of  y  +  yQ, 


o.=c(’4»r.  o,=,,(z4»)' 


(5.1) 


Then  (m  *  n) 


(  =  ^.  f=\,  N=±^-,  1  =  *VT: 


(5-2) 


We  write  the  expressions  for  the  stress  function  for  four  parti¬ 
cular  cases  of  this  sort. 


1.  Linear  dependence 


Ot = it • 
*  =  -l,  «=-l,  JV=1; 


2.  Inverse  proportionality 

«=1,  «=0,  JV=0; 

♦  =  2  [A*  /.  (n)  +  B>  K.  (n)  +  M  sin  ^ . 

3.  Moduli  proportional  to  distance  squared 


li  =  — 2,  *=-y,  iV=y. 
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(5.3) 


(5-4) 


(5-5) 


(5.6) 


(5.7) 


In  this  case  the  formula  for  <j>  contains  Bessel  functions  of 
order  ±-y  ,  which  are  known  to  be  expressible  in  terms  of  the 
elementary  functions.  We  obtain  finally 


Wd»TS)+ft(d»TI— 


(5.8) 


4. 


y  +  y0: 


Moduli  inversely  proportional  to  the  square  of  the  distance 


(5.9) 


♦= V  «b  r*  d>  n+  r*)  *in  ~ .  (5,11 

We  shall  not  write  out  the  particular  solutions  for  YkQ  since 
they  are  quite  complex;  they  are  found  using  (4.7)  with  the  aid  of 
two  quadratures  from  expressions  containing  Bessel  functions, or  in 
cases  three  and  four  uaing  hyperbolic  functions. 

We  note  another  particular  case  in  which  the  stresses  are 
expressed  in  terms  of  elementary  (power-law)  functions. 


Let 


i«—2, 


(5.11) 


where  n  is  any  real  number,  in  particular  zero.  The  equation 
(4.4)  becomes  the  Euler  equation 


(5.12) 


The  expression  for  the  stress  function  is  written  as 


.  kmc 


(A*  V +  Bk  i\~*  +  V-)  - •  — 

T“*+(t-)V 


(5.13) 
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Here 


X=0^[|/  («  — l)*+4(f-)r -(/.  -  1)]  . 

l»=0 #[Y  («  — l)*H-4(^)m  +(n  -  1)] 


(the  subscripts  k  for  X  and  m  are  dropped). 

These  examples  of  the  rectangular  bar  with  variable  elastic 
moduli  do  not  by  any  means  include  all  possible  solutions  of  the 
problem.  However,  they  show  that  there  are  a  large  number  of  function¬ 
al  dependences  of  the  moduli  on  the  y  coordinate  for  which  the 
torsion  problem  is  solved  nearly  as  simply  as  for  the  homogeneous 
isotropic  bar.  In  addition  to  the  exponential  and  power-law  functions 
we  could  cite  many  others,  but  we  shall  not  do  tnis  here;  rather  we 
shall  consider  a  different  sort  of  case,  which  seems  to  us  to  be 
of  no  less  interest. 

S  6.  Torsion  of  Tubular  Bar  with 

-  •  j 

Cylindrical  Anisotropy 

| 

In  conclusion ,we  shall  present  the  results  of  a  study  for" a 
bar  having  anisotropy  of  a  different  kind,  namely  cylindrical,  and 
we  shall  indicate  how  the  elastic  moduli  must  depend  on  the  coordinates 
in  order  that  the  qualitative  stress  distribution  pattern  be  the 
same  as  for  the  corresponding  isotropic  homogeneous  bar. 

Consider  a  bar  in  the  form 
of  a  hollow  circular  cylinder  whose 
material  obeys  the  generalized 
Hooke's  law  and  has  cylindrical 
anisotropy  with  an  axis  of  aniso¬ 
tropy  coinciding  with  the  geometric 
z  axis;  we  consider  the  deforma¬ 
tion  coefficients  a^  to  be  con¬ 
tinuous  functions  of  the  coordinates. 
One  end  of  the  bar  is  restrained, 
while  forces  which  reduce  to  the 
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torsional  moment  M  act  on  the  other  end.  We  use  a  cylindrical 
coordinate  system  (Figure  3). 

The  stress  distribution  in  the  homogeneous  isotropic  bar  is 
characterized  by  the  single  stress  component  t0z>  which  depends  only 
on  r.  We  shall  clarify  the  conditions  which  the  variable  deformation 
coefficients  must  satisfy  in  order  that  only  one  igz  of  the  six 
stress  components  in  the  twisted  bar  be  nonzero,  and  we  shall  find 
this  component. 

We  shall  not  consider  the  most  general  anisotropy  case,  rather 
we  shall  assume  that  1).  the  relative  elongations  £r»  ee»  Lz> 
ar6  Independent  of  tg  ,  i.e.,  a;Lj|  ■  a24*a34*0  and  2).  The 
coefficients  a^,  a^^a^g  are  given  in  the  form  of  products  of 
functions  of  z  alone  by  functions  of  r  alone,  i.e.. 


Sm— 2|| t(x)^4t(r),  a,* — Zti[z)bu{r)t  aM — Zu (z) (r).  (6.1) 


The  remaining  coefficients  a^  may  be  any  functions  of  the 
cylindrical  coordinates  r  and  z  and  also  of  the  angle  6.  These 
assusptions  are  quite  general,  although  they  obviously  do  not  Include 
all  possible  cases. 


Setting 


•r =*=«,= = **=0,  (r). 


we  write  the  generalized  Hooke's  law  equations 

*r=0f  Tfc =«***»,, 

**= 1n=auxbi 

•s=0,  lr*  =  ai4 


(6.2) 


(6.3) 


Expressing  the  deformation  coefficients  in  terms  of  the 
displacement  projections  ur-u0>w  along  the  directions  r,  0,  z  and 
considering  the  displacements  to  be  functions  only  of  r  and  z,  we 
ohtaln  from  (6.3) 
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Zm— I.  *r~0, 


(6.4) 


and  the  equations  relating  uQ  and  tg, 


Mbb^- 


(6.5) 


These  equations  for  u.  will  be  compatible  only  if 

U 

Ztt = Z (z).  Zu— j Zdz- }-• 

(o  is  a  constant,  Z(z)  is  an  arbitrary  continuous  function). 
Consequently , 

a44=Z(z)*44(r),  a„=bn(r),  aH=fJZrf* +  «}*«(')- 


(6.6) 


(6.7) 


Excluding  the  displacements  from  (6.5)*  we  obtain  the  equations 
for  ,0Z 


Introducing  the  function 


(6.8) 


(6.9) 


we  write  the  final  expressions  for  the  stress  and  displacements  as 
follows  _  w  /M 


«,=0, 

«,=»(JZ<fc  +  «)r/(r)+T, 


(6.10) 


(6.11) 


Thus, we  find  that  if  the  deformation  coefficients  are  given  by 
(6.7)  the  stress  and  displacements  are  defined  by  (6.10)  and  (6.11). 
We  find  the  constants  w  and  wQ  from  the  conditions  at  the 
restrained  end  z  »  1  and  the  constant  o  from  the  formula 
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mmw#m  . —  ><m  •«• 


(6.12) 


(the  stress  t  In  any  cross  section  reduces  to  the  torsional  moment 

■).  9‘ 

In  particular,  for  the  orthotropic  bar  (with  planes  of  elastic 
symmetry  normal  to  the  axis,  radial  and  orthogonal  to  the  first  two) 
we  have 


= 0. 


(6.13) 


If  the  shear  modulus  for  the  radial  planes  of  elastic  symmetry 
( 1 .  e . ,  those  passing  through  the  geometric  axis  z)  is  given  in  the 
form  of  the  function 


a  i _ i 

«•»  ~  *W*«(r)  • 


(6. lit) 


where  Z  and  bj^  are  arbitrary  continuous  functions  of  z  and  r,  then 
the  stress  t&z  is  found  from  the  formula 


where 


■Jv* 


The  corresponding  displacements  will  be 

*r=w=0, 

•.*=tr(JZdr+.,). 


(6.15) 


(6.16) 


(6.17) 


Hence,  after  determining  u>q  from  the  condition  at  the  restrained 


end  u  *  0  »e  find  the  total  twist  angle 


(6.18) 


For  example,  if  the  shear  modulus  is  given  by  the  formula 


»rb) 


(6.19) 
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we  obtain 


x*J* 


(6.20) 


As  for  the  stress.  It  Is  independent  of  z  In  both  cases  consid¬ 
ered  here;  we  obtain  the  same  stress  for  any  representation  of  the 
function  Z(z)  and  it  is  found  from  (6.10),  (6.12)  or  (6.15)»  (6.16). 
Thus, the  factor  Z(z)  affects  only  the  deformation  of  the  bar  in 
torsion  (more  precisely,  the  displacement  ufl  and  the  total  twist 
angle ) . 
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CYLINDRICAL  SHELL  AND  PLATE  SUBJECTED  TO 
A  MOVING  HEAT  SOURCE 

K.  Kh.  Kozhakhmetov 
and 

R.  M.  Finkel 'shteyn 


We  consider  thin  circular  cylindrical  shells  of  radius  R  and  a 
semi-infinite  flat  plate  under  the  influence  of  a  moving  heat  source. 
The  temperature  is  distributed  linearly  through  the  thickness  of 
the  shells  and  plate. 

NOTATIONS 

k  -  thermal  conductivity 
Kq  -  heat  transfer  coefficient 
c  -  specific  heat 
p  -  material  density 
h  -  shell  and  plate  thickness 
v  -  source  motion  velocity 

Qxs  f  qtz  -  heat  source  density  per  unit  middle  surface 
At  area 

coordinate  of  source  "center  of  gravity" 

q  -  specific  output  of  heat  sources 
z  -  coordinate  along  normal  to  middle  surface 


FTD-HC-23-361-69 


931 


«rf(z)  = 


la-y.^  dimensionless  coordinate  in  the  direction 
*  of  the  generators 

t  -  tine 

ta/T'Sjp-  —  dimensionless  time 
Pq  -  Fourier  criterion 

dimensionless  distance  traveled  by  source 
£  -  Dirac  function 


Tq  -  middle  surface  temperature 
K  -  temperature  gradient  through  shell  thickness 


dimensionless  middle  surface  temperature 


dimensionless  temperature  gradient  through 
shell  thickness 


—(f)'- 

«!“(W+4+t)'. 
«5“(V  t’+4— t)’ 

Gauss  function 


longitudinal  component  of  displacement  vector 


w 


«•= 


T 


normal  component  of  displacement  vector 
dimensionless  longitudinal  component  of 
displacement  vector 


—  dimensionless  normal  component  of  displace- 
*  ment  vector 

a  —  thermal  expansion  coefficient 
E  —  Young's  modulus 
v  -  Poisson's  ratio 


9V 
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n  _  a 

1  i  —  v«  -  congressional  stiffness 

a  —  ~d j*.  4—  ]f.  = 77'tT _ ti)  *  cylindrical  stiffness 

•  7|.  F,  _  forces 

-  bending  moments 

I.  Serai-Infinite  Shell 


S  1.  Temperature  Field 

We  assume  that  the  temperature  of  the  medium  is  zero, and  the 
heat  transfer  coefficients  from  the  outer  and  inner  sides  of  the 
shell  are  the  same.  Then  for  a  linear  distribution  of  the  heat 
through  the  shell  thickness 

T(x,  x,  t)=T%(x.  t)+zK{x,  t)  (1* 


we  have  for  TQ  and  K  the  independent  equations[l] 


(1.2) 


or 


jr* 

sr 

#r* 

sr 


St+t*** =»«-*)• 


The  initial  and  boundary  conditions  for  (1.2)  are 

F,=K= 0  for  t=0, 

Tt—K=0  for  X—O  and  for  jc  =  oc.  • 


(1.3) 


Then  these  conditions  for  (1.3)  take  the  form 


T*  =  K*  =0  for  T =0, 

T*=K*~ 0  for  5  =  0  and  f or  1  =  °3- 

We  apply  the  Fourier  sine  transformation  to  the  new  (1.3) 


•  (a,  x)  = 


F*(5.  x)sin«Uft. 


(1.5) 
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(Equation  continued  from  preceding  page) 


.-■4 


m  (sh  "iZ+ch*./)  -f  (sh  «/-ch  mj.) 

£orO<x<l, 
for  0<x={, 


”-7TF?' 

.“/V+>  e'“ash"**E 


forO<l<X. 


(1.11) 


It  is  not  difficult  to  see  that  (1.10)  and  (1.11)  satisfy  the  initial 
and  boundary  conditions. 

Now  let  us  find  the  displacement  field.  We  shall  consider 
separately  the  quasistatic  case  (dropping  all  the  inertial  terms),  and 
the  case  in  which  only  the  inertia  of  the  normal  component  of  the 
displacement  vector  is  taken  into  account. 


S  2.  Displacement  Field  (Quasistatic  Case) 


In  the  quasistatic  case, the  thermoelastic  equations  In  terms  of 
displacement  for  this  problem  have  the  form 

ijf- =  -  BT»  -  C  ; 


(2.1) 


(2.2) 


Let  the  shell  be  pin-ended.  Then  the  solution  of  (2.1)  must  satisfy 
the  conditions 


**(?,0)  =  **(0,  =  „•(*,  t)=0.  (2  3) 

Applying  the  Fourier  sine  transformation  to  (2.1)  under  the  conditions 

v2. 3) 

•*(*.  *)=}  tI  «*(5.  *)slnaW6, 

•  (2.4) 
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we  obtain 


W*  = - TS-r-i 


—  B  J(«:  -f-  f)  sin  aX  -  «*  co*  «xl 

I 'm4-L.  Ait  IMxVtl  _1_  "f" 


y  ~  Ci*  K«* + 11)  »i«  *x  -  ■*  co*  n\ 

(-  +  *)|<a*  +  T*>*  +  .**.-l 


and,  inverting  (2.5),  we  obtain 

_«.«  -4—  >8  f  («*-t-P)»ln«/-am 

v’  *'  *  1  (a4  +  A*)  1(4*  +  )H)«  +  .»*,«] 


sin  ajfife 


We  obtain  from  (2 


,  2C  f  •*  |(«*  + 1*)  tin  «x  —  a*  cos  **] 

+  -IT  J +  sm  *;*  - 

2»fl  f  aa-I^Slaa* 
e  J  («♦  +  *)[(«*  +  ?)* -fa1"*]  ®*f 

.  **£f  av-e'+m*,.* 

*  J  (ST*)  PT  T*)«  +  Aif  **• 
.2),  taking  account  of  (1.10)  < 


and  (2.6), 


da*  2*fl  f  (■*  +  W  *ln  «x  ■ —  co*  r/_  j_ 

i r— r  \  (ir+7^+wTw?r 8,naErf#  ~ 


a»C  f  at  [(•*  4-  T*)  *ln  —  am  CO*  «x!  _tj_  , 

— <V^P+ft!+.<-'i  *'»**’+ 

,  Jvaifl  f  M-^^’alnaJ 

•  +  «  J  (•‘  +  A«)|(«*  +  1V)*  +  «I*,1 

2-.mC  C  (In  a; 

(3+^+??+^ 


<«•+*«>  +  + 


M,  5* 


57r)*[l  “erf(ft‘^-  ?7f)] 

-exp(«,V^+5^r)*  l-erf(«lV7+-^=)  - 
-  exp  («,  V'T-  [l  -  erf  (n,  KT-  + 

+  «p(n,VT+  jpr)‘[l  -  erf  («,V^  +  57=-)]}  + 

for0<,<E; 


+ - 

I  3**/T+"» 


3km  /V+«* 


sh  nt\ 


for  0<x=5, 
for  0  <  5  <  x. 


(2,5) 


(2.6) 


(2.7) 
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The  integrals  in  (2.6)  and  (2.7)  break  down  into  a  series  of  taoulated 
integrals.  The  calculations  of  these  integrals  follow. 


7^{,,p(_4^)[(I,+  *)”si7?l  + 


+  2i^-">*»h*a4-2i4*~,,rfsbrttX  for5  >  X. 


5^rr{*,p(!!Vl)[(i' + ^)cosdVL 


■f 


+  2 Lf-**  ah  *!«.+ 2£  4*~«  sh  nji  f  o  r  *  <  x; 

*-j  v+mA“tf+.w‘‘’-f  ■iLs\v;ym*  * + 

+*'f-s^3r-*+4'aw-*" 

+.v(-dS^L)[4.c«41L^+^M„^D  + 

+  for?>X. 

-  y  (f  in  «!? +L*-**  ah  j  f  o  r  5  <  x: 

P  «l  (•*  4-  T*)  ill  *4  4l0  *x  J (*  (V  +  tlltlM^lUm  Am  X 

f,=  \  ^  + 

.  ,  r  &S»  »5  tin ri  J_  ,  ,  C  »ln*»ui«x  J _ 

•  +l“)  -^rlb+  "j  t+5 r 


(Equation  continued  on  next  page) 
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**«**,  *|  =  y,  H-±Hlssmr. 

If  in  this  case  P^«  1,  then 

m]=zm\  m*  ±  ***:£=  ■*’ 

and  for  P^l 

*i=i(i+*).  *i=i(t-«). 

«*+s«J=2t*,  jw*— *|=2;»i. 

The  constants!^  from  (2.8)  are  simplified  correspondingly. 

ti(5. 

Xcos^?i-  +  [-J(£,fl-£e,C)+-ir(£ia-£,C)J- 

+?b(i-c“i*fl)ls,ndwLl  for;>/: 

xj[-^(i,fi-i,C)  +  -^(£Jfl-£wO  +  «,(£»fl-£1,C)]x 

X  cos  ( L,C~LXB )  +  (£sfi_  £wO  + 

+  ^ (£«fi~ £|»C)] >lfl “^}  for«>Z: 

?i  (5.  x)  =e—<‘  ^  £,  sh  «,/.  —  mL ;  ch  «,/)  + 

+  «-■•*  (4i*sh,,«/.  —  *£«ch«*x)  for5>*: 

f*fc,  X) = r-M  (4  £ n  ,h -  m£ „ ch  «lZ)  + 

+  £ashm1x  — m£lichm1zj  for5>/.: 

x  j[^jj  (£,C-£,a)  +  (£  WC —  Lft)+m(L%B— £,,C)]  X 

Xcos^i^  +  [^(£.C— £,a)  +  7l-(£8a— £,.C)  + 

+  ^(£uC-£,a)]slnifi^I)  for5<X: 

(Equation  continued  on  next  page) 


(a) 


(b) 

(c) 

We  denote 
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1 


(Equation  continued  from  preceding  page) 

?.ft  ^)*=Tex*,[”^l^]X 

x  l[7fj(i‘fl“£^+7!><i*8_£"C)+'"(£‘B“I‘*C)] X 

x«.^+[7b(i‘c“t*fl)+7b<^“i*‘C)+ 

+-J(M-iuC)]»S"d^]a-j  forKt 
fi(i,  t) = f-**1  (*- i,+i:>njshn1?4- 
+  forS<x; 

*ft 

£j(iii|sh*rf  for  5<x; 

/.ft  t)=5— ^{i,«p(«,  /*-  ~T)*  X 
x[l-erf(^V7--5^f)]-i»«p(^+-iVT)*x 
x  [1  -  erf(*  V^+j^--)] + £,exp  (',*^T“  T/t)  x 

X  [l  -erf(«,V^-  Y^=r)]-i.«p ('»•/'+  jTf)  x 

x[i-»f(*.i^+-57r)]l: 

/.(«» t)=**-,7— (iu«p(^.V^-  777)’*  ^ 

x  [i  ta)1  '■i“ exp  (m,1/7+ x 

x  !—  +  +i»exP(,B*^T-I77)  x 

x[i-«rf(*.^+j7f)]); 

/.ft  t)==^^{(i.-^)[«p(^^-i7r),x 

x  **(*  /s-  ^T)-«p(^^+i7T)’ ttfc  (^+iM  -* 

* 

+ (£>+ ^["K-  “*  v7'_  T7?)' ertc  (-  J"/R-  ijr)  - 

-  «P  (-^  VK+  2$?)'  alt  (-  ^  Vh+  jTT )]) : 

/.(!.  <)=:^V^{(i.- {#)[«»(■* I'S—JT')' x 

X«Hc(-t|/S-^?)-«p(^+^f),«rtc(A/h+f^.)]  + 

+(i»+tS)l«"(-  A**-&T eric(_A ^  «W  - 

— «ip(— -</S+ -J^)*  nlc(-AV/S+-jpT)]|. 
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Then  we  have  the  following  expressions  for  w*  and 


*•(«,  ^)=-y/.0.  t)-S£/,(,.  Q+ 

+*?/«&  *>+ 

{  ¥•(*.  *)4-*i(5,  t)— t)+Cf4({.  t)  for  «>X. 
I  t»(i.  *)+¥.«.  t)+Cf,(«,  t)  for  ?<*; 

*0*4— s£liw*V« - UV 


**«.?)_  Cff*  ”  f._. /-  ./t:  e  \* 

*  ~  «-/!+#  1P P ^  a/r)  X 

X  1  -  erf  (%  ^  ^ )]  -  exp  («,  /l  +  X 
X  [l  -  erf  («,  1^  +  j£,)j  -  exp  (*  V7-  j±Jf  x 
x[l-ed(«>VT-j-iT)]+exp(«tVrf  +  ^=-)*X 
X  [l  -  erf («.  +  JT^)])-2?^ +{/*)+¥ (/*+¥ /•) 

+  X  f  or5  >  X. 

T.+f-flT,+Ct.+..--gy_  X 
xr-«*hiM  f or 5<X- 


(2.9) 


C2.10) 


The  forces  and  moments  are  calculated  from 

hOL  +  — jy  T*\> 

™«>-£(’S+--S4 
*«•«'-  »(5f+e*R. 

**»(*•  T)=  —  Tfr^r'-f  C/f*J , 

^i(5*  t)=  -  ^  4*  W  J 


(2.11) 


§  3-  Displacement  Field  (with  account  for 
inertia  of  normal  component  of  the 
displacement  vector) 


In  the  case  of  the  displacement  field  (with  account  for  the 
normal  component  of  the  inertia  forces ),the  thermoelasticity  equations 
in  terms  of  displacements  will  be 


^4-^— ar--c5F-o5f, 


(3.1) 
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7* 

I 


Jr, 

V 


Applying  the  transformation  (2.4)  to  the  first  equation  under  the 
conditions  (2.3)»  we  obtain 

“  WTVFFZZ 


(5+W+TO" 

. i-rnv+iw  ; 


(3.2) 


(3-3) 


Solving  (3.2)  under  the  conditions  (3-3)  and  then  inverting 
the  result,  we  obtain 

t)=«]  r*"^fc+»+ * 

-  KJ+ p? -  ayf  [<•* + WCs  »m«x— 2m»co»v)- 
-mt^cmcx  -  2  cosy)] + C*'n  +  (3-4) 

+  4- M +*L*l h» - .V]  l(^+T*)('n»|q«g— 

— 3mm  cm  v)  —  w*n  (cos  *x — 2  co*  y)| )  »*n  «W»- 

Prom  the  second  expression  of  (3. l)with  account  for  (3-4)  and  (1.10), 


i 

we  have 

-r«-  £ 
CRe  *1 

f4 

V 

T 

tkmJl+A 

-  up  (.,  y, + ifr)’«fc  («.  ^ + i^--)  - 

-  «p  (.,  y  -  jjJf  e*  (».  v< - j^-j + 

+ («.  V' + jtt)) + 

■  *»  ff «*._<•*  +  P)»lMt -i) cos +  *-<*•+«*  , 

+  tJ  (***  + 

+  •g,p+yy+Lq|^-A^|  [(**  +  ?*Kt‘ sin *x - 2*m cos y) - 

~  flTPyflP  +  Sgn?-.W|  l1) (TtCOg aX  2m«cos  y) - 

—  **1  (cos  — 2  cos  ijt)]  J  »!n  «5<fa + 

(r-^-D— f-Ml+Dj  f  or0<x<€. 


(3.5) 


+ 


CK 

3km  VT+* 
CR 

Vmjl+i 
Clf 


vSTvm?^*** 


for  0<X=|,  (3.5 
f  or  0 <  5  <x. 
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In  (3.4)  and  (_3.5)  we  have  used  the  notation 


for  simplicity. 


II.  Shells  of  Finite  Length. 


I  4.  Temperature  Field 


(3.6) 


In  the  case  of  a  shell  of  finite  length, ire  solve  Cl. 3)  under 


the  conditions 


r*d,  o)  =  r* (o,  t)=r*(/„  t)=o, 


*•({,  0)  =  /C*(0,  X)=K*(U,  t)=0. 


Applying  the  finite  Fourier  sine  transformation 


(4.1) 

(4.2) 


(4.3) 


to  the  first  equation  (1.3)  under  the  conditions  (1.4),  we  have 


(4.4) 


»{*.0)=0. 


(4.5) 


We  solve  this  equation  under  the  condition  (4.5)  and  invert  the 


result .  Then 


*)= 

{(^Tr)  ^  jjj  *tn  T~ 

-*2j 


(4.6) 


We  obtain  similarly 


**(«,  ')= 

S{(l*  +  |]U  jjj  s 


+  •*«» 


(4.7) 
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§  5*  Displacement  Field  (quasistatic  case) 


We  solve  (2.1)  under  the  conditions 

We  apply  the  finite  Fourier  sine  transformation 

W*(«,  t): 


(5-1) 


(5-2) 


to  (2.1)  under  the  conditions  (5*1)  and  after  Inverting  the  result 
we  have 


y  ,  i 


*In^f  + 


.  3C^ 

+T 


a«l 


1 

MUP 

Li 

1‘+t)’ 

.1  , 

4*+t 

1 

[>■+1 

r 

» 

|  +  «■* 

|l*  +  “]r  j  —  *1  CM  MX 

+•*'»* 


•In 


U  * 


FW 

From  (2.2)  with  account  for  (4.6)  and  (5. 3), we  have 


(5-3) 


2CR 

lssrt 


»in  »ir  —  an  cos  an 


?l  Ft) 

— FFfH 

n  7T-  / 


+  «*** 


Ft) 


+  «*** 


(5-4) 


(Equation  continued  on  next  page) 
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(Equation  continued  from  preceding  page) 


&  6.  Displacements  with  Account  for  Inertia 
of  the  Normal  Component  of  the  Displace 
ment  Vector 

In  this  case  we  solve  (3-1)  under  the  conditions 

«*(0,  t)  =  g*(0,  x)=w*(it,  ^  =0.  (6>1 

We  apply  the  finite  Fourier  sine  transformation  (5-2)  to  the  first 
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••f'W  a '  m  Jt  *»•*,  -  .  «®“-  ,%*W«V  *lie  e  Igr^tayjnyw.  DUDwa^ntnM  ■<•«»«• 


0)=-^L=0- 


(6.3) 


Solving  (6.2)  under  the  conditions  (6.3)  and  inverting  the  result, 
we  obtain 


-Ban- 


"fr+! 5fV 

2!pjsiii ^  —  C«o»C*  +  >  ^  ** 

F^lFfH 

*[[r+^)‘“«][,-^]  [("' +T) 

.  —  S«co*’.t)— aji'.(cosfl*T— 2cos'.t)]  + 


(6.4) 


where 


(6.5) 


Prom  the  second  expression  (3.1)  with  account  for  (4.6)  and  (6.4) 

we  have 


* 

**  2 CR 


—  mn  cos  anr. 


(-ff 


+ 


+  «*** 


ft*  exp 

i 

i\ 

LT^ 

P+T 

+  «*/«» 

3l«^  + 

*A 


(6.6) 


(Equation  continuted  on  next  page) 
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(Equation  continued  from  preceding  page) 


•*S 


Ban 


+  oc[(>*+  T-)1 4  ■*"*]  lci~  '1"11  A 

X  •  ^P*  +  j  ft  sin  anx — 2an  cos  Ct)  —  <in*  (cos  a/it  — 


.{eo*{t  +  C* 


-  2co.:t)]-C«*«V-T? - fan - — - ™ - T 

1 7 - ^i'0"  - \{  T,+Ti\(Cslno«t- 


IK 


+ 


—  2o*  cos  lx) — an  C  (cos  am — 2  cos 


1 


(.6.6) 


III.  Plat  Plate 

The  temperature  field  for  the  flat  plate  has  the  same  form  as 
for  the  semi— infinite  cylindrical  shell.  The  temperature  field  for 
the  latter  was  found  above  in  (1.10),  (1.11).  In  the  case  of  the 
flat  plate, we  must  set  In  (1.10)  and  (1.11) 

S=f,  t=*,  X=i*  m=—, 

T*=3  (♦+?»). 

We  also  note  that  in  the  case  of  the  plate 


(7.1) 


’*-&**«'&*• 


(7.2) 
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For  the  quasistatic  case  the  tangential  and  normal  components  of  the 
displacement  vector  will  satisfy  the  very  simple  equations 


y  ■**(!+ »),«r 


(7.3) 


If  we  assume  that  the  ends  of  the  plate  are  also  freely  supported, 
then  we  have  ^ (up (»■  - ^)* X 

x  [i -«(•.  n -  (*•  V' + 1 tt)'  x 

x[i-« l^r.-^J+e^V^+^-x 

x[l-«1(%v^+^r)]j  + 


+^li±2l 


+  ^  [r-*-D -r-^) |  £or5>z. 


e 


f  p  r « <  Z; 


TP ji-j-  j/T-pp 

x  [t  -«<(-,  r>  -  ttt)]- + «W’  x 

x  [i  -«h(«,  r> +^pr)j- -  iTr)’  * 

x['-ert(«,V^-Tj?f)]+«p(».t/'+f77)  x 

x[l-«l(*H»^+j^r)i)  + 

[r-»4-D_«-«^+D]  fox  ;  >  X 

for  ?<Z 


(i+i 


*Ki+f* 

— Tpssf-*’*  sh  WjE 

«/T+? 


(7.4) 


(7.5) 


If  we  now  consider  the  inertia  of  the  normal  component  of  the  displace¬ 
ment  vector,  the  components  of  the  displacement  vector  will  be  defined 
from  the  equations 


Hi* 

■JT 


_M**d+»)  *r* 

B  .r'T- 

_  3.f»»(i+»)  *ie 

~  ~W 

+CTP - 


IV*  <1-  +) 

Ofl 


d*w* 

SfT 


(7.6) 


ill 
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We  see  that  the  first  equation  here  coincides  with  the  first 
equation  (7-3)-  As  for  the  second  equation,  applying  to  it  the  Fourier 
sine  transformation,  as  in  the  case  of  the  cylindrical  shell,  for 
hinged-free  edge  fastening  we  have 


Here  we  have  denoted  for  convenience 

E#  mi 

“  t *«(!—,*)  ■  ft-  (7.3) 

The  forces  ar.d  moments  are  expressed  as  follows  in  terms  of  the 
displacement  components  and  the  temperature 


r,(*.  iHi+2>fs£i  T* 

^  'Up  1  » 

Tt(l,  *)=£>,»  T„ 

(7.9) 

N&,  t)=_a.^:_3£ai(i±i).£^ 

*  «?  TT  ■ 


Received  8  March  1964. 
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INTEGRALS  OP  THE  EQUATIONS  OF  AXISYMMETRIC 
VIBRATIONS  OF  SHELLS  OF  REVOLUTION 


P.  Ye.  Tovstik 


The  asymptotic  method  for  integrating  equations  with  small 
parameters  in  the  higher  derivatives  is  employed  to  integrate  the 
system  of  equations  of  small  axisymmetric  vibrations  of  a  thin  elastic 
shell  of  revolution.  In  some  frequency  range  the  resolvent  equation 
has  a  reversal  point.  In  this  article  we  consider  the  case  in 
idilch  the  coefficient  of  the  second  derivative  in  the  resolvent 
has  a  simple  root  (simple  reversal  point), and  we  find  the  Stokes 
multipliers  relating  the  integrals  of  the  resolvent  to  the  right 
and  left  of  the  reversal  point.  Moreover,  the  integrals  in  the  im¬ 
mediate  vicinity  of  the  reversal  point  are  calculated.  As  an  example, 
we  examine  the  problem  of  the  natural  vibration  frequencies  of  a 
shell  with  clamped  edges. 

The  present  article  is  an  extension  of  the  study  initiated  by 
Alumyae  [1]  for  a  conical  shell. 

§  1.  Equations  of  the  Vibrations  of  a 
Shell  of  Revolution 

After  separation  of  variables, the  system  of  equations  of  small 
axisymmetric  vibrations  of  an  elastic  shell  of  revolution  has  the 
form  [2] 
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i('T,iS4)  +  (k  +  -fef)«-(Jr+-5i)S~ 
(«-+i)S+(i+E)T*+(1-^-— IPT~ 

-k)'-$iMtM-i-M‘Z)))- »•  (1-1> 

» 

Here  s  is  the  meridian  (generator)  arc  length;  u  and  w  are  the 
projections  of  the  middle  surface  displacements  on  the  direction  of 
the  normal  and  meridian;  B  =  B(s)  denotes  the  distance  from  the 
middle  surface  points  to  the  axis  of  revolution  and  is  assumed  to  be 
a  holomorphic  function  of  s;  and  are  the  principal  radii  of 
curvature,  and 

1  *'  d.2) 

Xs(i—  a*)®£ ,  where  a  is  Poisson's  ratio;  p, density;  p  ,the 
vibration  frequency;  E,Youngls  modulus. 

The  shell  thickness  is  denoted  by  h,  which  we  assume  small  in 
comparison  with  the  characteristic  radius  of  curvature.  We  introduce 
the  small  parameter  u  by  the  formula 

(1.3) 

Excluding  u  from  (l.l),we  find 

”**(*•  S + a*  5 +•••)+ ^  S + ^ r  +  *•*  -  °-  ( 1 '  n ) 

Without  loss  of  generality  we  can  consider  that  a,=a,(i)3j 

Then 

x)=x-(i-9*K/?,(j)r*.  (i.5) 
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§  2. 


Integrals  of  (1.4) 


Assume  the  function  b2(s)  does  not  vanish  in  the  Interval 
*!<*<«!  •  Assume  B(s)  also  does  not  vanish  in  this  interval 
(thereby  we  exclude  from  consideration  shells  in  the  form  of  a  dome). 
Then  we  can  construct  asymptotic  series  for  the  four  integrals  of 
(1.4)  which  have  a  large  variability  index  [3,  4]. 


/=  '*  *  3’  4* 


(2.1) 


where  <u(s)  satisfies  the  equation 


A^*=0. 


(2.2) 


and  the  f unctions y11f (a)  are  determined  sequentially  in  quadratures; 
sQ  is  an  arbitrary  point. 

After  making  the  necessary  calculations, we  find  the  approximate 
expressions  for  the  integrals  (2.1) 


W~(*M+0(rt)  wf  (*).  i  =  1.  2.  3.  4. 


(2.3) 


Here  the  indices  *♦*  and  correspond  to  b2  >  0  and  b2<  0.  In 

T=r*,  cost.  Wf  =  sin z. 


the  case  b2>  o  ,we  have 


(2.4) 


and  for  b2  <  0 


«•*„  rr =**  »lnz„  Wi=e->  coszt. 


(2.5) 


Here 


*-  l  JlM')!7*/,  =  >-.(*)  =  (B(»))_T 


(2.6) 
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To  the  integrals  (2.3)  we  must  add  two  other  integrals  w..(s,y) 

5 

and  w,-(s,y),  corresponding  to  the  zero  roots  of  (2.2)  with  an  error  on 

b  4 

the  order  of  y  ,  and  coinciding  with  the  integrals  of  the  momentless 
equation 

*«§+*»  (2-7) 

Numerical  integration  methods  must  be  used  to  find  the  integrals 
of  this  equation. 

r 

Now  assume  the  function  b2(s)  vanishes  at  the  points 
•/,  *,<«,<■,<. ..<«,<«*  Then  the  integrals  (2.3)  no  longer 

hold  throughout  the  interval  (s^,  s2)»  since  the  form  of  the  Integrals 
changes  with  passage  through  the  points  s  *  Oj  and 
Nevertheless  , in  each  of  the  intervals  «y+t<*<*y+i  —  *  the 
functions  (2.3)  are  integrals, of  (2.1).  The  question  arises  of 
the  connection  between  these  integrals  for  neighboring  intervals  and 
also  the  question  of  the  behavior  of  the  integrals  in  the  immediate 
vicinity  of  the  points  a^. 

The  points  Oj  are  termed  reversal  points  and  the  coefficients 
expressing  the  connection  between  the  Integrals  for  neighboring 
intervals  are  termed  Stokes  multipliers.  If  *>(*/) it 0,  the  point 
<jj  is  termed  a  simple  reversal  point. 

We  shall  show  that  the  hypothesis  of  the  existence  of  Isolated 
roots  of  the  equation  bt(s,  X)=0  is  general.  In  fact,  it  is 
not  difficult  to  show  that  R2(s)  ■  const  only  for  two  types  of 
shells  —  cylindrical  and  spherical,  and  in  all  the  remaining  cases 
R2(s)  is  not  an  identical  constant,  and  in  accordance  with  (1.5) 
there  are  values  of  X  (and  consequently  of  the  frequency  p)  for 
which  the  function  b2  will  vanish  for  certain  for  the  interval 
(s.  ,  s») . 

■L  C 

Assume  «,=*»(*■)  ia  a  simple  reversal  point.  Moreover, 
M*i)>0  and  in  the  interval  (s^  s,,)  there  are  no  other  reversal 
points  (the  case  £*(«,)< 0  reduces  to  ths  preceding  case  by  the 
replacement  s'  =  -s). 
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Starting  from  the  form  of  the  coefficients  of  (1.1),  we  show 
that  ^(a,)  =s2*i(s).  which  implies  that  the  momentless  equation 
(2-7)  has  a  single  regular  solution  and  a  single  solution  with  a 
singularity  for  s  =  aQ.  As  the  fifth  and  sixth  integrals  of  (1.4), 
we  take  the  integrals  having  near  s  *  the  expansions 

■*(*)=  1 +r„(*  —  aj + +...  + O  (*«), 

+  (2-8) 


where 


’(*>=ir;)  1 1-*5, <•>+*' <•>-»•<*>>  4 

+ i,)  (1-)’  -  *7  (i)’] + "  sf— ( s:  +  -sr)  - 1  (i + *,)’!• 


(2.9) 


and  c^j  are  expressed  in  terms  of  the  coefficients  of  the  expansions 
of  b2(s),  t^Cs)  and  bQ(s)  into  series  in  powers  of  s  -  aQ. 


i  3-  Reference  Equation 

The  results  of  [1]  could  be  used  to  establish  the  connection 
between  the  integrals  of  (1.4)  to  the  right  and  left  of  the 
reversal  point.  However,  the  reference  equation  introduced  in  [1]  is 
inconvenient  for  studying  the  behavior  of  these  integrals  in 
the  immediate  vicinity  of  the  reversal  point.  Therefore,  we  intro¬ 
duce  into  consideration  the  equation 

~f4(Sr+1f«S'j+5S+(2  +  7»5)$=0.  (3.1) 
where  is  found  from  (2.9). 

Employing  the  Laplace  transformation,  we  represent  the  integrals 
of  (3.1)  in  the  form  of  the  contour  integrals 

»/(0=^(l+-^)«p({/-i^Jd/,y  =  l.  2 . 6.  (3.2) 
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where  the  contours  of  integration  must  be  selected  so  that  the 
increment  of  the  function 

/  W =(<+!•)*  e*P  (« t —  ¥ ) 

is  zero  when  t  covers  the  entire  contour.  The  function  f(t) 
vanishes  for  t  =-Yq  and  also  for  t=oo-e  *  *=Q,  1. ....  4.  ’ 

Following  [l],we  take  contours  of  integration  which  yield  real 
solutions  (Figure) 


C| — -f-  AialatAt,  Cs  —  AJatalAl  -f-  Atat&tAt, 

^»=ViaA  C4=i41a,a*o1i4,,  Ci  =  atala^^lat, 

Ct^Fj^a^At  +  Fa,agat'At,  v  3 . 3 ) 


where  the  points  aj  are  located  on  a  circle  of  radius  e  for  the 
points  Aj  recede  to  infinity. 


Figure 


To  calculate  the  integrals 
v,U=  1. 2.3,4)  and  , 

we  use  the  method  of  steepest 
descent  and  find  the  asymptotic 
expansions  of  these  Integrals  [lj. 
The  expressions  for  ?  <  0  are 
shown  on  the  left;  those  for  £>0 
are  on  the  right;  the  relative 
error  of  the  formulas  presented 
below  is  of  order  e”T 


*- -CM  ^ (5)- A- 
dt"  cos  (Cj  +  -g-J  vt (?)  (cos ;  —  sin 

dr ;  S,n  (Cl  +  x)  -  (0  -  yf  (cos  C  +  sin ;)  -f  i  v%  (?) 


(3-^) 
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where 


i  » 

t,b-t 


c-4«v. 


The  integral  (£)  is  a  constant 


*.<S)= -2*1,1. 


(3.5) 


For  t<0  the  integral  coincides  with  the  integral 


(3.6) 


to  within  v^K  •  However,  if  £>0  the  integral  (3.6)  diverges. 
We  represent  the  contour  of  integration  Cg  in  the  form  Cg  *  Cg  +  C2> 
where  Cg  Fa-a2A2  ■  Fata^A^.  Then  for  £>0  we  have 


(3.7) 


and  the  integral  along  the  contour  C'g  has  the  same  expansion  (3.6) 
into  a  series  in  £. 


We  seek  the  integrals  of  the  basic  equation  (1.4)  in  the  form 


*)(*)==*(*)*, I* (*)|.  /=!,  2,  ....  6. 


(3-8) 


where  the  functions  >.(*)  and  5(s)  are  selected  so  that  the  highest 
order  terms  in  the  expansion  of  the  left  side  of  (1.4)  into  a  series 
in  u  will  vanish 


,M={-S-J(M0)'r<«jT  = 

■■(**(*i))T(*-  «t)(i  +  (*—«♦)  +  ..•). 


(3-9) 


*(«)=/• jra(5)  *■ 


(3.10) 
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The  integrals  Wj(s),  J  *  1,  2,  3,  are  expressed  linearly  in 
terras  of  the  integrals  (2.3) »  which  with  account  for  (3.4)  yields  the 
connection  between  the  integrals  (2.3)  to  the  left  and  right  of  the 
reversal  point. 

The  integrals  w^(s)  and  Wg(s)  may  be  considered  as  integrals 
of  (1.4)  only  for)*— l.  For  |s— «,|>  1  the  behavior  of  these  integrals 
of  (1.4)  and  (3*1)  is  significantly  different.  The  integral  w^(s) 
of  (1.4),  which  has  the  expansion  (2.8)  near  s  *  a^,  corresponds  to 
the  integral  Ve(C),  of  (3.1). 


The  representation  of  the  integral  Wg(s)  for  s<0  and  s>0 
with  account  for  (3*8)*  (3*6)  and  (3*7)  makes  it  possible  to  con- 
struct  the  sixth  integral  of  (1.4),  since  Wq(s)  is  a  good  approximation 

of  the  integral  of  (1 . 4)  for|s— *,1  €.  hand  these  formulas  are  applicable 

«* 

in  the  intervals  |*_a,|>|iT 


The  following  expressions  yield  the  connection  between  the 
integrals  (2.3)  and  (2.8)  of  (1.4)  to  the  left  and  right  of  the 
reversal  point,  where  in  (2.6)  we  take  Sq  *  o^.  These  expressions 
may  be  used  for  .^4 


»f  cos  -f  wf-  sin  -y  ♦.  Jr, 

"os  +  W;  sin  w,  -*  _L_ 

Slfl4 - 9*  C0S  f  •*-  t-'w,  - 

T - T«» T -  r'*.  - (»,'  +<) + 

b(w+  —  w*)t 


(3.11) 


where 


b  =  \V  *{*(*,)  B  (*.))' . 


(3-12) 
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-**^**1  '^»«a@«r^»r^v}i 


i  4.  Behavior  of  the  Integrals  Near  the 
Reversal  Point 

As  noted  above,  the  formulas  (3*11)  are  not  suitable 

4 

for  In  order  to  examine  this  interval  of  the  variable  we 

again  turn  to  (3*2).  The  idea  for  their  calculation  consists  in  the 
expansion  of  ^ >«  (Cfl*  su^seQuent  term  by  term  integration. 

M 

As  a  result, we  obtain 

tS  '  ' 

k— • 

k-a 

t'vAQ= 

+o(p*). 


where 


.  ,.,^,(*+1)  (  .  («.2) 
'=»  T«  — - iP^p  T+# rj= 

C  is  the  Euler  constant;  r(z)  is  the  gamma  function. 

In  view  of  the  rapid  decay  of  the  coefficients  ak  ,the  series 
(4.1)  are  suitable  for  calculating  the  functions  *y({)  for 
Cor  for  hl<*>  )  or  even  in  a  broader  region. 

To  obtain  the  functions  wj(s)  ,we  must  use  13. 8  }-(3 .  io )  .In  view  of 
the  fact  that  |*_ o,|<|iT,  the  right  sides  of  (3-9  and  (3-10)  may  be 
approximated  by  the  first  terms  in  their  expansion  into  Taylor  series 
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(1.3) 


t«)=(M-.))T«-si.  ;.w = v'-rfsj  (*;<«.»'* 


We  see  from  (4.1) -(4. 3)  that 


«yU)=o(P"w),  Sj'»(Ji)=0(|t-4-T) 


(4.4) 


S  5.  Frequency  Equation  for  Shell  with 
Clamped  Edges 


Assume  that  in  the  Interval  (s^  s2)  the  radius  of  curvature 
R2(s)  increases  (/?t(*)>0)  .  Then  by  virtue  of  (1.5)  in  this  interval 

there  will  be  a  single  (simple)  reversal  point  «*  =  «,(*),  If  a,  <X<Ait 
where  A, =(1  —•*)(/?, (s»))~*,  A,=(l  -«*)(/?, (*,))“•.  However,  if  A  is  outside 

this  interval  there  are  no  reversal  points 


Let  the  shell  edges  be  clamped,  i.e., 


«=0,  v— 0,  -^=0  for  *=*,.  *  =  *. 


(5.1) 


In  order  to  satisfy  the  conditions  (5.1), we  need  the  expressions 
for  the  integrals  Uj(s),  corresponding  to  the  integrals  Wj(s).  On 
the  basis  of  (1.1)  the  asymptotic  expressions  for  the  integrals  Uj(s) 
with  large  variability  index  are 


«?  W=  («.  (*)+  O0*))  Uf  (r),  J=  1.  2.  .3.  4, 


(5-2) 


where 


«.(*)=  +  Uf(z)=$Wf(z)dz, 


(5-3) 


and  are  determined  from  (2.4)  and  (2.5).  The  integral  uc(s) 

5 

is  regular  while  Ug(s)  has  a  logarithmic  singularity  as  u+0  at 
s  =  a..  With  passage  through  the  reversal  point  the  integrals  Uj(s) 
are  transformed  using  the  same  formulas  (3.11). 


FTD-BC-2 3- 361-69 


122 


We  take  the  general  solution  of  (1.1)  in  the  form 

‘  • 

«(*> Cj7j  (*),  w (») =  g  Cj  wj (t).  (5.4) 

Using  the  boundary  conditions  (5.1)»we  obtain  the  frequency  equation 
A(X,  |»)=0  in  the  form  of  equality  to  zero  of  a  sixth  order  determi¬ 
nant.  Let  us  consider  various  cases. 

For  *<A,  we  have  b2<0  for  all  s;  there  are  no  reversal  points 
in  the  interval  (s^,  s2),and  the  integrals  with  large  variability 
index  have  the  nature  of  nondegenerate  edge  effect  functions.  In 
this  case 


A&1»)=«P(*i,  *)  +  Ot»)=0. 


(5.5) 


Here  and  in  the  following  the  superscript  (0)  means  that  these  solu¬ 
tions  are  taken  for  y  *  0.  We  see  from  (5-5)  that  the  natural 
vibration  frequencies  may  be  determined  from  the  momentless  equations 
to  within  quantites  of  order  y. 

Now  let  In  this  case  there  is  a  reversal  point  with¬ 

in  the  interval  of  integration  and  the  natural  frequencies  are 
found  from  the  equation 


V2at  *?»(«,)  (*,)  cos  -J-  -f  (up  (*,)  (t|)  _ 

-  *F  (*i)  «P  (*J)  sin  -L  -f-  O  (f?) = 0, 


(5.6) 


where  .  , 

*(*)  =  J  l))Trf/. 

(5.7) 

a  (X)  and  hCx)  are  found  from  (3. 12),  and  the  functions  u£>  and  “T 
also  depend  on  A . 

Finally,  let  X>A,.  In  this  case  bt(s)>0,  and  again  there 
are  no  reversal  points  within  the  integration.  In  this  case  the 
frequency  equation  breaks  down  Into  two  equations:  the  momentless 
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equation,  coinciding  in  form  with  (5-5),  and  the  equation  depending 
on  functions  with  a  large  variability  index 


cos-*-+O(,0=0. 


(5.8) 


where 

ftM.fcM*.  i))7*.  C5.S) 

<• 

^  4 

Equations  (5*5),  (5-6)  and  (5-8)  are  applicable  if  ;x— |X— 

In  order  to  solve  (5*5), it  is  necessary  to  know  the  integrals  of 
(1.1)  for  h  *  0.  In  the  general  case  they  can  be  constructed  only 
by  numerical  Integration  methods.  These  integrals  also  appear  in 
(5-6).  However,  certain  conclusions  on  the  distribution  density  of 
the  natural  frequencies  can  be  made  even  without  knowing  the  functions 
“P  and  ■ff*- 


We  write  (5.6)  in  the  form 


(5.10) 


In  view  of  the  fact  that  for  small  y  the  argument  of  the  tangent  In 
(5-10)  changes  very  rapidly  with  variation  of  A,  to  within  the  order 
u  ,v;e  can  consider  that  t|>(x)  remains  constant  In  the  Interval  between 
the  neighboring  roots  An  and  *•«  of  (5.10).  Then  the  distance 
AX  between  neighboring  roots  is 

(5.11) 

or,  introducing  the  root  distribution  density  n(x),  the  reciprocal 
distance  between  roots,  we  find 


|  ( bt(tr  (5.12) 

«.w 

Similarly,  for  Jl>i\jthe  density  n(x)  is 


«(*)  = 


(5.13) 
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We  see  from  an  examinatior  of  (5-12)  and  (5*13)  that  near  *.=A 
the  density  n(X)  increases  rapidly  and  reaches  a  maximal  value 
for  X — X,,  A,  <X,%^At.  For  k>\  the  density  n(x)  decreases. 


REFERENCES 


1.  Alumyae,  N.,  "On  the  fundamental  system  of  integrals  of  the 
equation  for  small  axisymmetric  steady  state  vibrations  of  an 
elastic  conical  shell  of  revolution,"  IAN  Estonian  SSR,  Physico 
Mathematical  and  Technical  Sciences  Series, No.  1.,  196“ 

2.  Ool'denveyzer,  A.  L.,  Teoriya  tonkikh  uprugikh  obolochek 
(Theory  of  Thin  Elastic  Shells),  Moscow,  Fizraatgiz,  1953 

3.  Noaillon,  P.,  Asymptotic  developments  in  differential^ equations 
with  variable  parameter,  Memoires  de  la  Societe  de  Liege,  IX, 
1912. 

4.  Zimin,  V.  I.,  "On  application  of  the  asymptotic  integration 
method  to  the  solution  of  an  equation  of  shell  theory,”  IAN 
Uzbek  SSSR,  physico-Mathematical  sciences  Series,  No.  4,  1957. 


Received  7  March  1964. 


FTD-HC-23-361-69 


125 


KEGULAR  INTEGRALS  CF  THE  EQUATIONS  FOR 
AXISYMMETRIC  VIBRATIONS  OF  A  DOME 


P.Ye  Tovstik 


It  Is  known  [1>  2]  that  the  general  solution  of  the  system  of 
equations  of  free  axisymmetric  vibrations  of  a  thin  elastic  shell  of 
revolution  is  made  up  of  two  Integrals  of  the  momentless  equations 
and  four  integrals  with  a  large  variability  index.  The  asymptotic  ex¬ 
pressions  for  these  four  Integrals  may  be  found  easily  in  intervals 
which  do  not  contain  either  so-called  reversal  points  or  singular 
points  of  the  shell  vibration  equations.  The  behavior  of  the  inte¬ 
grals  in  the  vicinity  of  a  simple  reversal  point  is  examined  in  [2,  3]. 
The  equations  for  the  vibrations  of  a  shell  in  the  form  of  a  dume 
have  a  regular  singular  point  at  the  shell  apex. 

In  tne  present  study,  we  construct  the  regular  integrals  with 
large  variability  Index  at  the  dome  apex,  and  find  their  asymptotic 
expressions  far  from  the  apex  of  the  dome.  We  need  to  know  these  in¬ 
tegrals  in  order  to  determine  the  natural  vibration  frequency  of  the 
dome . 

§  1 

Let  the  shell  be  formed  by  revolution  of  the  curve  y  =  f(B) 

(Figure)  about  the  y-axis,  where  f(B)  is  an  even  function  which  is 
holomorphjc  near  B  =  0  and  f(0)  =  0,  f"  (0)  =  R,  R  is  the  shell  radi¬ 
us  of  curvature  at  the  apex  of  the  dome  (B  =  0)  .  Small  axisymmetric 
vibrations  of  such  a  shell  are  described  by  the  system  of  eqi ations[4] . 
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**  >•  *1 "  £  (t*  i  (**>) + (x +  T&t) * ~ 

~{TrHfc)£ ~z[k+-ii)9~0' 
^f«.»:i‘i-(Tir+i)S+(i+Tk)ya+  (ltl) 

+(i- (fl^  (-i-i  (fl^)))-°* 


Here  s  is  the  arc  length  of  the  generator  OA;  u(s)  and  w(s)  are  the 
projections  of  the  displacement  of  the  middle  surface  points  in  the 
direction  of  the  generator  and  the  normal;  X  =  (1  -  o2)E_1pu^  (o  is 


the  Poisson  ratio;  E,  Young's  modulus;  p,  density;  w,  the  vibration 

4  2 

frequency);  p  Is  a  small  parameter  where  y  *  h  /'}?.  (h  is  the  shell 
thickness,  which  is  assumed  small  in  comparison  with  the  radius  (R). 
We  call  the  system  obtained  from  (1.1)  for  y  -  0  momentless  or 
degenerate . 

R-^s)  and  R,>(s)  are  the  principal  radii  of  curvature,  which  are 
even  functions  of  s;  B(s)  is  an  odd  function.  Near  s  -  0,  these  func 
tions  have  the  following  expansions  into  series  in  powers  of  s 

.  .  .«(*)=*-- gr-fc^+...  (1>2) 

For  s  ■  0,  certain  of  the  coefficients  in  (1.1)  become  infinite. 

Our  task  is  to  construct  solutions  of  (1.1)  which  are  regular  for 

2  -2 

s  =  0.  Here  we  shall  assume  that  X  ^  (1  -  o  )R  .  In  the  case, 

2  —2 

X  *  (1  -  a  )R  ,  the  momentless  system  (1.1)  has  no  regular  solutions 
and  this  case  requires  special  study  (in  this  case  the  dome  apex  coin 
cides  with  the  reversal  point) . 


It  is  not  difficult  to  see  by  direct  substitution  that  the  degen¬ 


erate  system  (1.1)  has  the  solution  Uq(s),  u>q(s)  of  the  form 

—  m 

«•(*)  =  2 ®.(»)=2®a?*” 


(2.1) 


where  =  1  and  the  coefficients  Uj(0),  ojj(0)  are  determined  se¬ 

quentially  from  linear  equations. 


We  seek  the  regular  solution  of  (1.1)  in  the  form 
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—  m 

•w-  S**4" »«<*).  i*4* »«'*). 


Then  the  functions  ufi(s)  am  ■  (s)  will  satisfy  the  equations 


|fci  •«!  — 0,  L,  • 


°1  -  i-  5  {£ii  f  i  •  s  (B^r- 

*  =  1,  2,  ... 


(2,2) 


(2.3) 


For  uniqueness  of  selection  of  un>  wn,  we  require.  In  addition  to 
their  regularity  at  s  =0,  that  wp(0)  =0.  It  is  not  difficult  to 
show  by  induction  that  all  wn(s)  are  even  functions,  and  then  the 
right  side  of  the  second  equation  (2.3)  is  a  regular  function  of  s. 
Expanding  un(s)  and  wn(s)  into  series  in  powers  of  s  of  the  form 
(2.1),  we  show  that  there  is  a  unique  regular  solution  of  (2.3)  sat¬ 
isfying  the  condition  wn(0)  *  0. 

Thus,  we  have  shown  the  existence  of  a  regular  solution  of  (1.1) 

4 

which  differs  by  a  magnitude  of  order  u  from  the  regular  solution  of 
the  degenerate  system.  Numerical  integration  must  be  used  for  the 
actual  construction  of  the  solution  (2.1)  for  values  of  s  which  are 
not  close  to  zero. 


We  shall  construct  two  regular  integrals  of  (1.1)  which  have  a 
large  variability  index. 


We  replace  the  first  equation  (1.1)  by 
and  introduce  the  new  unknown  function  v(s)  by  the  formula 


Then  (1.1)  takes  the  form 


•  i  (£ + -tft)  4r  — Ir- i  (B  ii  {k + i))' =< °- 

p4AAw=0’ 


(3.1) 


(3.2) 


(3.3) 


where  the -operator  A  is 


(3.4) 
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We  seek  the  solution  of  (3-3)  in  the  forir 


m  ,  rn 

*{» = V  >**.(*)  v  (J) + fVf’-*'  . 

m  ** 


(3-5) 


where  V(s)  is  the  solution  of  the  equation 


(3.6) 


and  the  functions  p(s),  Bn(s)  and  Cn(s)  are  tc  be  determined  (we  limit 
ourselves  to  finding  p,  BQ  and  CQ) .  In  evaluating  the  order  of  the 
Individual  terms  in  (3-3) »  we  assume  that  the  functions  p,  B  and  C 

n  n  n  n  n 

are  of  order  unity  in  comparison  with  y  and  d  V/dsn  =  0(vi  V).  We 
substitute  (3*5)  into  (3-3)  and  equate  coefficients  of  like  powers  of 
y  to  se'-o.  The  higher  order  terms  yield 

(~k + tjs)  9**=°' 

{k+-k)“-+his-wr,-k)c‘-^=o.  (3'7) 


and  we  thus  have 


(3.8) 


The  coefficients  of  dV/ds  in  the  first  equation  (3*3)  and  of 

2 

y  (dV/ds)  in  the  second  equation  yield 

(3.9) 

+  2#C,+4/>4£=0. 

Prom  compatibility  of  (3-9)  with  respect  to  the  unknowns  B^s) 
and  C,(s),  we  find 

(3.10) 


and  we  have 


(3.11) 


2  -2 

For  \  =  (1  -  o  )(R2(s))  ,  the  quantity  CQ(s)  becomes  infinite. 

Therefore,  the  solution  construction  is  good  from  the  dome  apex  up 
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to  and  including  the  first  root  Sq  of  the  equation  A  -  (1  - 
-  o2)(R2(s))-2  =  0.  Here  sQ  is  a  reversal  point.  If  R2(sQ)  ^  0, 
we  can  use  the  results  of  [2,  33  to  construct  the  corresponding  in¬ 
tegrals  to  the  right  of  the  reversal  point. 


Now  let  us  integrate  (3.6).  We  use  the  reference  equation  method 
[?].  We  seek  the  solution  in  the  form 


V(s)=  £  r»D»is)  J .  {*(«)!  +  £  £ . 


(4.1) 


where  JQ(z)  is  the  Bessel  function  of  zero  order.  We  substitute  (4.1) 
into  (3*6)  and  equate  coefficients  of  like  powers  of  p  to  zero.  Then 


we  obtain 


-*-V(*)= 0,  z= ±V1  f(p(0>T*; 
D«7ir+2-S"rfr+-ar--jriF  —  (irj  ~u* 


(4.2) 


A(*)= 


(4.3) 


To  clarify  the  behavior  of  these  solutions  for  s  >>  pR,  we  use 
the  asymptotic  formula  for  the  function  JQ(z)  [6] 


A(*)— (~)7{cos(ar- x)  +  0(^)}- 


(4.4) 


Using  the  analysis  of  §  3  and  §  4 ,  we  present  the  final  expres¬ 
sions,  having  a  relative  error  of  order  p,  for  the  two  real  solutions 
w-^(s)  and  w2(s)  of  the  system  (1.1)  which  are  regular  at  s  =  0 . 


Let  X  -  (1  -  a‘L)(R2(s))  2  >  0.  For  s  =  0(pR)  we  have 

».  (*)  =  *  (*)  4 ({*-*  ?(*)).  ««(»)=*  (S)  /,  (a’1  E  (5)), 


where 


(5.1) 


(5.2) 


For  s  >>  pR  the  solutions  (5.1)  have  an  asymptotic  representation 


of  the  form 
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(5.3) 


where 


»i  (*) = ii  (*)  [«*  (^r  ~  t)  +  0  ( i)l  -  •*<*>= 

,(.)=(B(.)rT|,_igLj-v 

Now  let  X  -  (1  -  a^KRgCs))”^  <  0.  For  s  *  (K^ri) 


(5.4) 


^(,)=t(t)ReU(r't«*T)}.  «,(«)=*(*)  In  U(>-'{(s)eT*)l  (5-5) 

where  Re  z  and  Im  z  denote,  respectively,  the  real  and  imaginary  parts 
of  the  complex  number  z. 


For  s  >>  pR 


iHL 


)+0(t)]’ 


(5.6) 


Using  (5.2)  and  (5.4)  it  is  not  difficult  to  show  that  the  solu¬ 
tions  (5«3)  and  (5-6)  are  linear  combinations  of  the  solutions  con¬ 
structed  in  [2]  far  from  the  dome  apex. 


We  use  (3.2),  (3.6)  and  (3.8)  to  find  the  corresponding  integrals 
u^(s)  and  u2(s)  .  To  within  a  relative  error  of  order  y ,we  obtain 

/=1,  2  (5.7) 

(the  subscripts  i  =  1,  2  correspond  to  different  signs  in  (3.8)).  It 
is  not  difficult  to  obtain  formulas  similar  to  (5-1) — (5.6)  for  the 
functions  u-^  and  u2  by  use  of  (5.7).  We  simply  note  that 

e,(j)='0(t»wj(*)),  *=1>  2- 
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SHELLS  OF  REVOLUTION  WITH  A  SMALL  CENTRAL  OPENING 
SUBJECTED  TO  SYMMETRIC  AND  ANTISYMMETRIC  LOADING 

V.I.  Kruglyakova 


This  article  presents  a  unified  method  for  determining  the  stresses 
near  a  small  central  opening  in  shells  of  revolution  subjected  to  sym¬ 
metric  and  antisymmetric  loads .  Primary  emphasis  is  placed  on  reduc¬ 
ing  the  solution  to  a  form  convenient  for  practical  application.  In 
particular,  the  edge  stiffness  coefficients  are  obtained. 

In  most  studies  on  this  question  (see  §  10  of  the  present  paper) 
symmetric  deformation  of  a  shallow  shell  Is  examined.  In  conti ast  to 
these  studies,  the  pronosed  method  contains  a  simplification  involving 
replacement  of  sin  8  by  6  only  in  the  equation  coefficients.  The 
trigonometric  multipliers  are  retained  in  the  expressions  for  the 
stresses  and  displacements.  Comparison  of  the  resulting  solution  with 
a  specially  constructed  more  exact  solution  has  shown  its  acceptabi  - 
ity  for  a  wide  rsage  of  values  of  the  angle  8^;  corresponding  to  the 
edge  of  the  opening  in  the  shell.  The  region  of  values  of  the  basic 
parameters  (h/R,  0q),  in  which  the  suggested  Bessel  solution  may  be 
replaced  by  the  much  simpler  familiar  Geckeler  solution,  is  determired . 

A  brief  review  of  the  studies  known  to  the  author  is  presented. 

The  basic  relations  and  notations  used  here  are  described  in 

[1,  21. 
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§  1.  Basic  Relations  for  Shells  of  Revolution 
Formed  by  Rotation  of  Second  Order  Curves 

In  studying  shells  of  revolution,  we  usually  take  the  angles  0  and 
▼(Figure  1)  as  the  curvilinear  coordinates. 


Among  thn  shells  of  positive  Gaussian  curvature,  those  most  fre¬ 
quently  encountered  are  the  shells  whose  middle  surfaces  are  formed 
by  rotating  second  order  curves  about  their  axes  of  symmetry.  For 
these  shells  the  principal  radii  of  curvature 

p  p  (1.1) 

1  (1+7*111*1)*™ '  **  7r+T*i"*ijrr 

are  independent  of  the  angle  ?  .  Here  y  =  0  corresponds  to  a  sphere; 

Y  =  -1  is  a  paraboloid;  y  >  ~1  are  ellipsoids;  y  <  -1  are  hyperboloids , 
and  the  parameter  RQ  is  the  value  of  the  radii  of  curvature  for  8=0. 


Figure  1.  Figure  2. 

The  Codazzi-Gauss  relations  are  written  as 

—  Ri  cos  9  (r  = :  /?|  sin  8). 


(1.2) 


In  shells  of  revolution,  it  is  often  convenient  to  introduce,  in 

+  + 

place  of  the  usual  unit  vectors  e^  and  n  (Figure  2),  the  unit  vectors 
of  the  horizontal  and  vertical  directions 


et  =  cos  8  ex + sin  8  n ,  ev  —  cos  8  e,  —  sin  8  e„ 
et=—  slnV^  +  cos^/i,  n  =  sln8e,  +  cos8f,. 


(1.3) 


Resolving  the  displacement  vector 

U=uci-\-vti-\-  van  —  ufef  -}■  v 

along  these  directions , we  obtain  the  expressions  for  its  components 


ut  =  cos  8  u-}- sin  8®,  u  =  cos8«p  —  sin  8  k*. 
u, ,= —sin  8  « -f  cos  8  ®,  w  =  sin  8  u,  -f-  cos  8 


(1.4  ) 


We  have  for  the  rotation  angle  of  the  tangent  to  the  meridian 
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and  for  the  deformation  components 


•*  “  i  (Sr + *) = •  T? + *« 1  *• 

•«=]8bin  ($+■?)•  ^-TrtW'  d.O 

lj  =  -4- COt  8lB  | 


Figure  3.  *  Figure  4. 


The  stresses  which  arise  on  the  lateral  surfaces  of  the  shell  are 
reduced  to  forces  and  moments,  whose  positive  directions  are  shown 
in  Figure  3.  Here  ^  are  meridional  forces  and  T2  are  circumferen¬ 
tial  forces;  M^,  M2  are  the  meridional  and  circumferential  bending 
moments.  In  place  of  the  meridional  and  shearing  Qln  forces, we 
often  consider  the  horizontal  Q0and  vertical  Q  forces  (Figure  4) 

^cosin+ilnlQu,.  (1.7) 

0,  *=  stn  •  T, — cbs  •  Qw. 


The  catenary  stresses  (uniform  across  the  shell  thickness)  are 
found  from  the  formulas  r .  f 


r.  r, 

*r,— -j-. 

and  the  bending  stresses  are  found  from 


(1.8) 


The  maximal  stresses,  occurring  in  the  extreme  fibers  of  the  shell, 
are  determined  by  the  maximum  of  the  quantities 


ki=£±$ 


(1.10) 


where  the  upper  :  .  <,r.  j  correspond  to  the  stresses  on  the  outer  shell 
surface,  and  the  lower  are  for  the  inner  surface. 
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law 


The  forces  and  moments  are  related  with  the  deformations  by  Hooke's 


Mi = (*» +’**)• 
7*1=  T§?<««+»%>.  Mt=  <*»+”*»'» 


(1.11) 


v  Is  the  Poisson  coefficient* 


We  consider  the  complex  displacements  [1] 

;=«+iot  (i.i2) 

whose  real  parts  are  the  conventional  displacements,  while  the  imag¬ 
inary  parts  are  the  stress  functions  u,w  ,  and  the  complex  forces 

7»=r,  —  lEkc^, 

Tt—Tt—lEkc^  .  (1.13) 


It  is  not  difficult  to  see  that 

7i=Re7„ 

Mt=  —chn  (fi  }. 

The  complex  forces  ^  and  ft-  are  defined  in  terms  of  the  basic 
Novozhilov  complex  function  T  =  T1  +  T2,  which  is  the  solution  of  the 
system  of  differential  equations 


I + 7 + “  i)  Rt9a' 


(1.15) 


where 


I  */**»<"•  ,  j  m 

u - 

/(•.  ?)  =  {"ST [(v» col •  —  sin •) /?| sin* I]  -f 

+  Rt  /?» sin*  . 


(1*16) 


'V/  'V/ 

The  basic  forces  are  determined  froiu  the  functions  T  and  U  found  from 


this  system 


(1.17) 

The  following  expressions  are  obtained  for  the  complex  boundary 
values  [2] 
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3, = Q;  - 1  Eke  «r = cos  •  r, + ic ijji .  £ , 

(1-18) 

My=M,  +  lEhc>i=kl(rt- ,?,).‘$,t  =  S. 

Using  the  resulting  forces,  the  complex  displacements  are  found 
from  tu>?  i-e  ations  of  the  complex  Hooke's  law,  which  takes  the  follow¬ 
ing  form  for  shells  of  revolution 

V  ~  v  •  ~  tt + =-&  -’*«+£  jh;)  . 

•^-+co»l«+Hnlw=-^+«, ="Br{^i  _  • 

^Tr(TJ*r)  +w  tt(20 +’>* 

-  i  •  *)] = *T: 4r =  m  l7*  -  *■*)•  (1.19 ) 

“  S.TSSST ”*)  = 

-*ri[*sn  (tJ— *,n,v)]  +  or.T-i  (^-co,#w) = 

.  =— S’) 


1*1  #  # 

Here  the  starred  quantities  T^,  T2,  M1,  M2,  S  ,  H  are  a  static  sys¬ 
tem  of  functions  which  is  the  particular  solution  of  the  nonhomogen- 
eous  system  of  equilibrium  equations.  For  the  majority  of  problems 
of  practical  interest  the  momentless  solution,  i.e.,  the  solution  of 
the  system  — ™  . 

tcos»7l=-/?,/?,»Hi»y„ 


#»T5-+-*^Bn  — w — = -#«  #* ,in  •  f* 

*«  I  r*_ a 


(1.20) 


(Ml=M‘i=H‘=0\ 

may  be  taken  as  the  particular  solution 

§  2.  Symmetric  Case 

In  the  symmetric  loading  case  all  the  quantities  of  the  preceding 
section  are  independent  of  the  angle  ?  and  the  system  of  equations 

'V 

(1.15)  for  the  basic  complex  function  T  reduces  to  a  single  second- 
order  differential  equation 
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where 


y + [(2-^  -  »)  rtg  •  -  S  +  *  7W?  - 1  Tk  F(l‘- 


(2.1) 


F(i)=/?,»«-(7{i  --^)n§r 

and  qn  Is  the  normal  component  of  the  surface  load. 


The  function  U,  the  axial  vertical  force  acting  on  a  parallel 
circle,  may  be  easily  calculated 

U=-Rig±Ft,.  (2.2) 

Here  F  is  the  axial  component  of  the  principal  vector  of  the  edge 
loads  applied  to  the  parallel  ci'  cle  and 


*  «  « 

We  take  the  momentless  solution  T  ■  +  T2  as  the  particular 

solution  of  (2.1)  and  write  the  homogeneous  equation  with  account  for 
(1.1)  in  the  fprm 


cost  db  ,  , 

i4-tW*  isr-a"H 


g. 

e  (i  +  7  tig*  l)w 


P=0. 


(2.3) 


The  question  of  the  integration  of  this  equation  will  be  examined 
later  in  application  to  specific  forms  of  shells  of  revolution  (sphei^e 
and  ellipsoid).  After  the  function  Tu  Is  found,  we  determine  the  com¬ 
plex  forces  from  (1.17) 

Ti — T* + 1 •  njjr ' 

*  -  (2  4 ) 

f,=7;+P-ic^.S. 

ft  ft 

We  note  that  finding  the  momentless  forces  T^  from  (1.20)  usually 
does  not  present  any  difficulty  for  particular  forms  of  loading. 


In  the  symmetric  case, we  obtain  for  the  complex  boundary  condi 

tions  (1.18)  Q  =  <r_M_L._i*r: 

“  g,  slnt  rfl 

(Qj=c<»s«rn. 

£,=;*  {  t\  -  >  7l + r»  -  ic  ( I + »)  . 


(2.5) 


We  also  write  out  the  expressions  which  will  be  needed  later  for  the 
radial  displacement  up  and  the  edge  rotation  angle  9.,  using  for  this 
purpose  the  system  in  terms  of  complex  displacements  (1.19) 
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where 


«.  =«“4,^bP'{r*  , 

I  *,PrrfT» 

*=*-5i57Rc'5r' 


(rt — »  t1)» 

.  »  »i<r 

— 

(r=7t+7l). 


i  3*  Antisymmetric  Case  (wind  load) 


(2.6) 


(2.7) 


The  antisymmetric  case  is  that  in  which  both  the  unknown  and  given 
quantities  have  the  following  dependence  on  the  angle 

(a,  «*.*,,«„  *)  =•(«.  i,  w.  i ,  «m.  uu ,, ». ,) “* 9 , 

sinr 

*=®.  i  , 

cost 

(S.  •»  »i.  **) = K  I.  **. ».  *1.  i.  »!.  i)6®*  9 , 

**B  *  (31) 

{T„  T*  Aft,  <1,  Q,)=(  rul,  r3. Ml.  Ait  i,  Qf. ».  Qm  .)  cta  9 

star. 


cosr 

slnr 


f«.l) 

m-m  ■*“» 

where  the  upper  functions  apply  to  the  first  antisymmetric  case  and. 
the  lower  apply  to  the  second  case.  For  definiteness  we  shall  con¬ 
sider  the  first  case  in  the  following. 


Upon  substituting  (3.1)  into  the  relations  of  §  1  and  simplifying 
the  trigonometric  factors,  we  obtain  relations  which  depend  only  on 
the  angle  •  for  the  quantities  of  interest  to  us.  Just  as  in  the 
symmetric  case,  the  problem  reduces  to  the  integration  of  a  single 
ordinary  differential  equation  in  the  complex  function 


where 


= Rtf*  I -(-^-*7)  i?5rj 
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Figure  5. 


+j#<*)#Iai0**J.  < 


,  *  (f«.iCo«*  —  ?t,i  sfnt) 

X  £Jsln# —  f  (?■.  isln  ft.OAjftfrSlntdl.  i 


(3.3) 


(3.4) 


The  components  of  tne  principal  vector  and  of  the . principal  moment 
of  the  forces  and  moments  applied  to  the  parallel  section  of  the  shell 
(Figure  5)  have  the  form 


n=(Fx\, 


(3.5) 


For  the  shell  class  in  question  (1.1)  the  basic  equation  is  writ¬ 


ten  in  the  form 


*r.i  i  l+»jsin*l  cot*  *T,\  I  l  - 1 •gs 

-y  +  T+7«anr'iuT-  ~ar — aw(ryj« awy7-1 


(3.6) 


If  we  take  the  momentless  solution  as  the  particular  solution,  then 
in  accordance  with  (1.17)  the  complex  forces  are  written  as 


(3.7) 


where  T,  ,  is  the  general  solution  of  the  homogeneous  equation  (3.6) 


t*  r 


(3.8) 


We  obtain  the  expressions  for  the  edge  conditions  (1,18) 
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*r«nll",?*!-$c,«,l“  Tr,  J, 

<c,.=cof,n1. 

Afi,i=~«{l«7a?i  —  *0+'*)  [^^“®e“ST'“  (3.9) 

“T,T5n‘Re^,J- 


The  functions  x  and  (ry)  in  the  antisymmetric  case  play  the  role 
of  the  quantities  u^  and  I  of  the  symmetric  case.  The  first  of  these 
functions  is  the  elastic  rotation  of  the  tangent  to  the  meridian, and 
(fry)  is  the  relative  elongation  of  the  edge. 


where 


Xa3X*  +  H'(,rt8*Re^i  ~R*~3r}* 

n=T+^i(R«r.+ 

Hl  • 

rffrWnir 


(3.10) 


+<!+’)[■ 


i  f  <*-•  it  rx  \ , 
* *“  H \~  ~Tfr >  VTfTaST )  + 


(3.11) 


I 


^•(V,flclg»-2?li 


We  note  that  the  quantities  •*  in  (2.6)  and  x*  in  (3-10)  may  be  neg¬ 
lected  within  the  limits  of  shell  theory  accuracy  [2], 


S  4.  On  the  Solution  of  the  Reference  Equation 

To  find  the  solutions  of  the  homogeneous  equations  (2.3)  and  (3.6) 
we  use  the  .method  of  reference  equations  [3],  which  involves  the  use 
of  simpler  known  equations  with  the  same  singularities  in  the  coef¬ 
ficients  as  the  equation  in  question,  in  order  to  find  the  solution. 


In  our  case  we  take  as  the  reference  equation  the  Bessel  equation 

$  +  T'S"(*  +  ‘£)y  =  a  (J». 1 : 

Its  fundamental  solution  [4]  may  be  written  in  terms  of  modified  Bes¬ 
sel  functions  of  the  first  and  second  kind 

y=Alll(<,yi)+'BKn{*fV~l)'  (4.2) 

where  the  modified  Bessel  function  of  the  first  kind  of  order  n  I  (v/I) 
and  that  of  tne  second  kind  -K  U/T)  are  written  in  terms  of  the 


143 


FTD-BC-23-36I-69 


taoulatea  Tnomson  (Kelvin)  functions  [4.6] 

P  f*($  y~i) = ber„  f  + 1  bei,  4. , 
t*  Km  (•>  VI)  =  ker«  ♦  -f  /  kel«  $. 


(4.3) 


The  functions  ber^,  beint|/  with  subscript  n  may  be  defined  in  terms 
of  the  corrt  ponding  functions  with  subscript  n  -  1  using  the  follow¬ 
ing  recursion  formulas  .  1 


ber,*-y|-  (ber'  *  -  bel». 
beli  ♦=  (ber'  t + bei'  <t). 


ber«+,  *f — 


(ber«  if  —  bet.  if)  —  ber«_i  if, 


bel«+i t  =  -  (ber,  if  -f  bei,  if)  —  bei«_i  1>; 

***•'= -yr (ber- ♦ + bei,_.  if)  -  , 

Kt=  y? (ber.-^-beU-t*)-*^.  , 


(4.4) 


(4.5) 


Similar  formulas  hold  for  the  Thomson  functions  of  the  second 

kind  ker  \p.  kel  \p. 
n  1  n 


For  small  values  of  the  argument  the  asymptotic  forms  of  the 
Thomson  functions  are  valid 


ker  =  —  In  if + 0,1 159 -f -j£-  -f  ■  - 
kel*=-(£)ln*— ?-+ 1,1159 +  ..., 

if1  kel'  f  =  — 5-  In  I1 - 1-  +  0.558  -f- . . . 


(4.6) 


For  large  values  of  the  argument  the  following  expressions  will  be 
the  asymptotic  representations 


where 


ber  if  eip«(*? 
be,*-  yi=Ts, 
ker*_  cos,. 

kel-J.-  /W*  sin  ^  U 

,/*» _ i_  J _ ! _ 25  13 _ 

/2^8+/2  38I^K2  •••’ 

_ JL _ ! _ 1  _  25  [ 

VVtl  S2  «  84/5  164* 


(4.7) 


g  l6^  3g4+./2+--'  (4.8) 

We  see  from  (4.7)  that  the  Thomson  functions  of  the  first  kind  ber  iji, 
bei  i|)  increase  exponentially  with  increaj  e  of  the  argument,  while  the 
functions  of  the  second  kind  ker  kei  diminish. 
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S  5.  Symmetric  Deformation  of  a  Spherical  Shell 
Weakened  by  a  Small  Central  Opening 


Consider  a  spherical  segment  with  small  central  opening  (Figure  6) 
subjected  to  uniform  Internal  pressure  p.  In  this  case  we  take  the 
momentless  solution  as  the  particular  solution  of  the  problem 

tf=7l=,  (5-1) 

We  find  the  general  solution  of  the  homogeneous  equation  (2.3),  which 
for  the  sphere  (y  =  0,  =  Rg  *  R)  takes  the  form 

^+ctg#-^+i-5-r=o.  (5.2) 


With  the  intention  of  obtaining  a  solution  which  is  valid  near  the 
small  opening,  we  limit  ourselves  to  the  consideration  of  small  angles 
0  and  we  set  in  the  equation  ctg  0  k  1/9 


+  /-£-r= o. 


By  the  substitution  x  *  /R/c(0)  this  equation  is  reduced  to  the  Bessel 
equation  (4.1)  for  n  =  0 


.  1  *T  VS  A 

■2*+—  -ar-,r-°» 


(5.3) 


where  the  bar  over  the  complex  quantity  denotes  conjugation. 


Its  fundamental  solution  is  written  in  the  form  of  (4.2) 

(5.4) 

where  Iq(x/D1s  the  modified  Bessel  function  of  the  first  kind  of 
zero  order;  Kq(x/T)  is  the  modified  Bessel  function  of  the  second  kind 
of  zero  order.  We  note  that  for  large  values  of  the  argument 
x  =  /R/c(0 )  (with  increasing  distance  from  the  edge  of  the  opening) 
the  solution  obtained  with  account  for  the  asymptotic  forms  of  the 
Bessel  functions  (4.7)  yields  the  familiar  Geckeler  approximation. 


Consideringithe  behavior  of  the  functions  appearing  in  the  solution, 
and  discarding  the  part  of  the  solution  which  tends  to  infinity  with 
increase  of  the  argument,  we  write  the  solution  in  the  form 
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’U0*V  ?«M— IBMktrx— IkelJt). 

^  Taking  (1.14),  (2 J 


(5.5) 


Taking  (1.14),  (2.4)  into  account,  we  obtain 
the  expressions  for  the  meridional  and  cir¬ 
cumferential  forces 


Figure  6. 


r,=  f[  +  ciy*  M  X + B  ker'  x  |, 

r,*7l+A[  kerjt—  Vi*'  kei  '*]  - 
—  s[keu  + dg  *  iti'  x] 


(5.6) 


and  for  the  meridional  and  circumferential  bending  moments 


Af,=c|A  kdx-f  (I— »)  j/^dg  iker'xj-f 
+  B  kerx— (1  — »)  j/^dglkel'xj}, 
iM,=c|i4  »kelx— (1  — *)}/^dg*ker'xJ  + 
■f  ker  x  -f-  ( 1  —  »)  dg  •  kef  .tjj . 


(5.7) 


The  constants  of  integration  are  found  from  the  problem  boundary  condi¬ 
tions.  The  stresses  are  determined  from  the  usual  formulas  (1.8)— 
(1.10) . 

We  obtain  the  expressions  for  the  edge  compliance  (stiffness) 
coefficients,  understanding  these  to  be  the  angle  of  rotation  and 
radial  displacement  of  the  edge  which  develop  under  the  influence  of 
unit  force  and  unit  moment  at  the  edge.  Introducing  the  notations 
for  the  edge  values  of  the  Thomson  functions 

kerx,=:f„ 

kel  =  l/ZO , 

•  <5.8) 

kei'x»=f« 


and  using  (2.5),  we  write  the  shearing  force  QQ  and  bending  moment 
Mq  acting  on  the  edge  in  the  fo_lowing  form 


Q'— QtW— ^  + 

Af,=Af,(#,)= c |  t  [i»*  +  (1  t  *)  -jf  ctg ®«?o]  + 

+ b  [?t — (i  -+-  t»)  ]/-^  ctg  ».*;]} . 
<?=co»».r;.  u 


(5.9) 
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Hence  the  arbitrary  constants  may  be  expressed  in  terms  of  the  shear¬ 
ing  force  and  bending  moment  given  at  the  edge  of  the  shell 


s=r-/zSin,,£<Ql_<®+£4, 


where  the  notations  are 


*»=*&— 


From  (2.6),  (2.7)  we  find  the  edge  values  of  the  radial  displacement 


and  rotation 

«•=«,(».)=<+  ~}^  M4>,  -  8V,l 

*• = (•*) = ~  -gji-  Yt  lA*'o  ~  fl*oj  (**=0).  (5.12) 


Substituting  here  the  values  of  the  arbitrary  constants  from  (5.10), 
we  obtain  the  final  expressions  for  the  edge  values  of  the  radial 
displacement  and  rotation 

«.=<+a!l(Q,-QJ)  +  a11/Vf#l 

*  =  am  (Q*  —  QJ)  -f-  uaM0t  (5*1 

where  ,  a12>  a2i>a22  ^enote  the  ed6e  compliance  coefficients 

=  W2(l-v’) sin* 8,  , 

ail=a.,=  -V12(l-,.)4si„».I^d±k.4r,  (5>1 

§  6.  Antisymmetric  Deformation  of  a  Spherical 
Shell  with  Small  Opening  in  the  Center 


For  the  sphere  the  governing  equation  of  the  antisymmetric  case 
(3.6)  take'  the  form 


4*T,  i  .  co»« 

nar+TETF- 


A, 

» ) 

c 

stn*  ») 

/? 

c 


m 


(6.1) 


In  each  particular  loading  case  there  is  no  difficulty  in  finding 
the  (momentless)  problem  solution  from  (3.8),  (3«3).  Therefore,  we 
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examine  the  homogeneous  equation  and,  as  in  the  symmetric  case,  we 
make  the  replacement 

cos®~  1, 
sln#=s*. 


The  equation  is 


then  written  as 

4*7%  ,  1  4T; 


r*  +  (<_r~'i')r-,=0- 


(6.2) 


By  the  substitution 


(6.3) 


it  is  reduced  to  the  Bessel  equation  of  type  (4.1)  for  the  value  n  =  1. 

'C 

and  for  the  conjugate  quantity  T,  ^  it  is  written  as  follows 


4*7.1  ,  I  47.1 


(6.4) 


Using  (4.2)  its  solution  will  have  the  form 

7,  ,=<V,uy7) +  <;,*,(*//"),  (6.5) 

where  I-^x/f)  is  the  modified  Bessel  function  of  the  first  kind  of 
order  one;  K-.(x/iT  is  the  modified  Bessel  function  of  the  second  kind 
of  order  one.  Just  as  in  the  symmetric  case,  we  set  C-^  =.  0 .  The 
function  K^(xki)  is  expressed  in  terms  of  the  Thomson  (Kelvin)  func¬ 
tions  of  the  second  kind  as  follows  (4.3) 

/Ci  (jc  VT)  =  /  (kcr,  jc  -f-  4  fceli  at).  (6.6) 

Ki  (<*  Vi)  =  —  keli  x  -f  i  ker,  x, 

and  between  the  Thomson  functions  of  first  and  zero  orders  we  have 
the  recursion  relations  (4.4),  (4.5) 
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kwj  x  =  ~=  (kef*  x  —  kel'  x), 

v 

keJi  •* = (kef  x  -j-  kel'  x),  ,6 

ker;x=  --^(keix-f  kei  ■*)— . 

keijx=  -J=(kerx  —  kelx)  —  x- . 

>3  ^ 

Short  tables  of  the  Thomson  functions  of  the  second  order  with  index  1 
are  presented  in  [53  for  the  values  of  the  argument  0  <_  x  £  10. 


We  finally  obtain  the  following  expression  for  the  basic  complex 
function  $0,, 

=  —  /fl)(kel,x-fiker,x).  (6.8) 


Using  (3-7)  and  (1.14), we  find  the  following  expressions  for  the 
forces  and  moments  for  the  antisymmetric  case 


(6.10) 


TYi- 7u+M  J/^dglkerlx  — £•— j^ke^x]- 

—  B  ]/-^dg*keliX  — -^-•-jjjjjkelixJ, 

TSi,=  7t»-jt[kel,,*+  }^^ctg»ker,’x--J-.li^rkerlx]- 
-^[kcr.x-^ctgUel.x-f-J-.^kel.x]; 

>ft,i  =  tf{i4[ker,x—(l  —  »)]/r^ctg#kelix-|- 

+  (,—')-Jp-~lTke,,x]  —  B[ke!,x4- 
vf  (1  —  v)  ctg •  ker|  x - ( I  - »)  ker,x]) , 

Mt, »  »  —  c{/i  [v  ker, x  —  ( l  —  v)  Y ctg  «  kefi  x  +  (6.101 

+  (1  ~  ») -fa  •  -jjjjrr  kcl,  x j  -  B  |v  kef,  x  + 

+  (1  - v)  Yt ct« Heri x-(l - v)  x  ”S5T  kcr«JC])  ~ 

We  write  out  the  values  of  the  edge  shearing  force  and  bending  moment 

+  l  J'-j-cIgtker,  *]_ 

—  flfkefj  jr  -  ctg  •  kel,  *J| , 

-  V^ctgaken'xjjJ. 


(6  .11) 
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If  we  now,  by  analogy  with  the  symmetric  case,  introduce  the  notations 
for  the  edge  values  of  the  Thomson  functions  of  the  first  order  and 
their  combinations 


Ti=kert^.  t;=ker;x„ 
fc=kel|*,  ti=kei;*, 

(x.=  |/Z|#j; 


(6.12) 


(6.13) 


Qp,  1(V  3X1(1 


after  solving  (6.11)  for  the  arbitrary  constants, we  obtain  for  the 
latter  expressions  in  terms  of  the  shearing  force  Qq 
bending  moment  Mfl  «  M1  ^ ( 0Q ) ,  given  at  the  edge 


«=-Vr£rt.^(«,-<5)+ 


«-V% 


t«*Vi 


« 


(6.1H) 


U 


Using  (3. 10), we  obtain  for  the  elastic  rotation  and  relative  elonga-  ** 
tion  of  the  edge  +  +*)y^cii»fcer;x-- 

-  (1  + »)  ker.x] + «[ker,  x  -  (1  +  »)  •  kelj  x  +  ' 

+<,+*>T*aJlk*l|X])» 

x— htVTW^I*-  Vxc,*lke,»;:]+ 

+  4™**" Vx^k^J,  (6. 15) 

where 

X*=0,  r=/?sln  •. 


Denoting 

(6.16) 

**=(nrt , 

<=<nrv 

• 

using  the  previously  introduced  notations  (6.12),  (6.13)  and  substitut¬ 
ing  into  (6.15)  the  values  of  the  arbitrary  constants,  we  obtain  the 
following  form  of  the  desired  expressions 


«.=<+ °I«  (Q«  -  QD  +  “1*^.* 

*«  =  aa(Q«  —  +  (6.17) 
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Here,  as  before,  a^,  ai2*  a21*  a22  are  the  she11  ed8e  compliance  coef¬ 
ficients,  and  in  the  present  case  they  have  the  form 

4- , 

(6.16) 

In  addition  to  the  notations  used  previously  (6.12),  (6.13),  here  we 


have  used  the  two  additional  notations 


Z«=(t*"“}^irct*  Vh)  +(^i— •,+»)• 


(6.19) 


The  derived  relations  (5.13)  and  (6.17)  are  essentially  defolia¬ 
tion  boundary  conditions  of  a  special  form.  Their  use  facilitates  the 
solution,  p'articularly  of  problems  of  the  mating  of  shells. 

S  7 .  Calculation  of  Symmetric  Loading  of 
an  Ellipsoid  of  Revolution 

The  principal  radii  of  curvature  for  an  ellipsoid  of  revolution 


1 

D _ 

**  *(I +*•!•*  •1*'” 


(7.1) 


where  a,  b  are  the  ellipse  semimajor  and  semiminor  axes,  respectively, 


«*  . 
T  *  T»  — 


Fundamental  resolvent  (2.3)  takes  the  form 


(7.2) 


*r  .  cm«  4T  , 

nr+  T+lfag  t"7mT-Sr  + 

i  * 


«« 

tb  (I  +7 


We  take  as  the  particular  solution  the  momentless  solution,  which  for 
a  uniform  internal  pressure  p  acting  on  the  ellipsoid  has  the  form 


T*_  1 

1  "®”  (l  +  7*tn*»)W  ’ 

r;  =  'g.-,-T,nS* 

&  (I  + 1  *ln*  •)'•■*  ' 


(7.3) 


FTD-H'C-23-36l-69 


We  find  the  general  solution  of  the  homogeneous  equation 


*r  .  l-r 7T»f«>  cosl  if*  ,  ,  - _  r=o, 

"1^  +  T+tWt'IST  4  +  * 


or  for  the  conjugate 


*rf  ,  i+»rit*(*i  «*•  /r 
"3P~  '  TfiSfr  '  sin 


if  ,  «*  “S— ft 

3T-'rt(1+1W  T 


(7.4) 


We  seek  the  solution  by  the  reference  equation  method,  for  which 
we  take  the  Bessel  equation  (see  S  4)  of  zero  order 


Sf +T 


We  write  initial  equation  (7.4)  as  follows 


H*  P  (•)  -Jr  —  (•)  *  =  0, 


(7.5) 


(7.6) 


where  we  have  set 


*(*)—  7"  (I), 

X*=~ 

*c  • 

=  -Sf  =  -i- l(l+T*«n*»)'*»«nl]), 


(7.7) 


*(•)=- 


(1+rstnM^  ‘ 

We  seek  the  general  solution  of  (7.6)  in  the  form 

z=s»(l)yll(«)|. 

Hence 

-g-  =(t^  y'  -f  (2V?  +  iT)  y'  +  n'y. 

Assuming  that  y(0  is  the  solution  of  reference  equation  (7.5), 
replacing  y"  and  substituting  (7.8),  (7-9)  into  (7-6), we  obtain 


(7.8) 


(7.9) 


{-’1-^-  +  +  2i)Y  +  p  («)  j  /  + 

+  W+P  (•)  V  -r  -  tVq  (6)  tj)  y  =  0. 


(7.10) 


Equating  the  first  bracket  to  zero 

V 


t-+2i-~- r+^)=c 

and  integrating  with  account  for  (7.7),  we  obtain 


Tl(#)  C|/  J'(|  _T,lnJ  |)WJln»’ 


(7.11) 


(7.12) 
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Now  we  equate  the  second  bracket  to  zero 

■£+*(•> -f +  «4-a*f  (•)-<> 

and  replace  here  with  account  for  (7.11) 

Equation  (7.13)  may  be  satisfied  by  setting 

Since  we  are  considering  the  shell  edge  near  a  small  opening  at  the 
apex,  we  can  limit  ourselves  to  examination  of  small  angles  0,  taking 
(In  the  first  approximation) 

It  Is  obvious  that  (7.13)  is  Immediately  satisfied. 


(7.13) 


(7.14) 


We  take 


«(•)=«. 

i 


(7.15) 


Now,  with  account  for  (4.2)  the  general  solution  of  the  homogene¬ 
ous  equation  may  be  written 

*=!)(•)<?,/.(*•  V7)  +  d/(t  (X*VT)J .  (7.16) 

We  drop  the  part  of  the  solution  which  grows  with  increase  of  the  argu- 

'V/n 

ment  and  convert  to  the  unknown  function  T  ,  writing  the  solution  in 
terms  of  Thomson  functions  (4.3) 

r*=i|(«)((/l-W)(kerM-<keUI)|.  (7-17) 

The  function  nO)  changes  sLowly  and  for  small  angles  is  close  to  one 
(figure  7).  We  neglect  the  variability  of  this  function  in  compari¬ 
son  with  the  variability  of  the  Thomson  functions  and  thereby  obtain 
a  simplified  formula  for  d^/dS 
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h  (•)  [(A  —  <  kel'U)| 


With  the  aid  of  (1.14)  and  (2.4)  we  obtain»the  expression  for  the 
forces  and  moments 


r,«=  r,*+ *-•*<•)  dgl(l  +  T  kei'II+irket'MI. 

r„=  7? + M  fker w  -k_,ctf*(l  -fl  «la*l),,tke»'Ml  - 
-5(kel  W  +  l',ctgl(l  +v«lnf  •)***ke^l^}; 


(7.18) 


^■«lA(4|klii  +  (1  -  *U-’  ctg«  (1  +  T  iio*!)*1  ker'  il]  + 

+  B[kerU— (I  -»)!-•  ctc«(l 

*i=ci(*)[A  [>kel)l  — (I  —  v)X-»ctgl(l  +  7  «Jn*  taker'll]  +  ,  „ 

+  B[*keril  +  (I  — ctgl(l+7«Jnf»)wke{'il|{.  1  ’ 

The  constants  of  integration  are  found  from  the  boundary  condt- 


(7.19) 


tions . 


The  edge  compliance  coefficients  for  the  ellipsoid  may  be  obtained 
Just  as  was  done  for  the  sphere.  Without  repeating  the  previous  argu¬ 
ments,  we  present  the  final  results.  The  arbitrary  constants  are 

B= - — 6  (7.20) 


We  obtain  for  the  edge  horizontal  displacement  and  angle  of  rotation 


«.=«; + *ti(Q*— <3!) + •t/1* 
•.=•5.(0.- <8+ 

where  the  compliance  coefficients  have  the  form 


“  V 1 2  (!—>*) 


»m»s  *•+*•  I 

*f  (T+'iVSntjr — re — T' 


«»=  (12(1  -f- 7 sin* •»)  ^2-  . 


(7.21) 


(7.22) 


We  note  that  here,  as  before, 


t,=kerW#(  7o==ker/X»tt 
♦»=kel  X8„  ^_keJ>w# 

V  12 (!->«)  J/'ZI, 


<1 

T--jr~l. 


(7.23) 
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Example  1.  For  the  spherical  segment  (see  Figure  6)  with  a  small 
central  opening  at  the  apex  we  take  two  versions  of  the  boundary  con¬ 
ditions  at  the  edge  of  the  opening: 

a)  the  opening  edge  is  rigidly  clamped  so  that  the  radial  dis¬ 
placement  and  angle  of  rotation  are  zero 

«,=0. 

for (8.1) 

b)  the  opening  edge  is  free  of  forces  and  moments 


FTD-HC-23-361-69 


153 


Afl=°, 

Tt~0  for  *  =  V 


(8.2) 


Using  the  relations  of  i  5,  for  the  first  boundary  condition  ver¬ 
sion  we  obtain  the  following  expressions  for  the  stresses  on  the 
opening  contour 

■v. -$[, -o 

®r,=w  r,. 

r  •  (8.3) 

3(1 pR  |Wo  + Wo| 

9*,~  Vi-(T-yf)  L  I*  J‘ 


On  the  freely-supported  opening  contour  we  have 

•„-£[»- (8-,) 
Here  the  previous  notations  of  (5*8)  and  (5-11)  are  used  everywhere. 

The  expressions  in  the  square  brackets  in  (8.3)  and  (8.4),  char¬ 
acterizing  the  stress  increase  in  the  sphere  in  comparison  with  the 
momentless  case 

were  calculated  for  different  values  of  the  wall  curvature-thickness 
ratios  and  different  angles  of  the  opening  edge  in  the  sphere.  Their 
values  are  shown  in  the  table,  where  the  notations  are 

f  3(» -»)  w;+m;  (8,5) 

yj(i->»j  x. 

Example  2 .  We  consider  the  symmetric  deformation  of  an  ellipti¬ 
cal  end  closure  with  small  central  opening  which  is  reinforced  by  an 
elastic  ring. 

We  assume  shat  the  ring  is  symmetric  about  the  horizontal  plane 
and  that  its  linear  dimensions  are  small  in  comparison  with  the  radius 
r^  (distance  from  the  ring  center  of  gravity  to  the  axis  of  revolution)  . 
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Figure  8. 


The  displacement  in  the  radial  direction  and  the  rotation  angle  about  the 


ring  center  of  gravity  are 


*«— ■?ar<k 


(8.6) 


where  is  the  ring  elastic  modulus,  is  the  ring  section  area,  1^ 
is  the  ring  section  moment  of  inertia  about  the  horizontal  axis  pas¬ 
sing  through  its  center  of  gravity,  Qk  is  the  spreading  force  in  the 
ring,  and  is  the  torsional  moment. 

The  conditions  of  the  elastic  coupling  of  the  ring  with  the  shell 
have  the  form  (Figure  8) 


*«  —  ®*»  4fg = Mf, 

K=K  Qu—Q+ 


(8.7) 


With  the  aid  of  (7.21)  and  (8.6)  these  conditions  may  be  rewritten  as 
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~EJ£  =  *• + *u  (<&  ~  +  •u'W* 

t3t^«=Si(Q»~Q0  +  **i^» 

and  solved  for  the  unknown  edge  force  and  moment 

$«”T  [(•»)*  “  (*»  “ “ *$)]  * 

^,=•—(-^-0;-#;).  (8.8) 

where 

a =(«ij*  -  (*?.  -  -rar)  (“5» — ra-)  *  (8.9) 

On  the  right  In  (8.8)  are  known  quantities  which  depend  on  the  geome¬ 
try  of  the  shell  and  ring,  and  also  on  the  momentless  problem  solution, 
which  may  be  considered  known.  Then  (8.8)  and  (7.20)  yield  the  values 
of  the  arbitrary  constants  for  our  problem. 

V 

§  9.  Refinement  of  the  Theory 

By  means  of  the  substitution  z  =  T/sin  0  the  resolvent  (5 .2)  for 
the  symmetrically  loaded  spherical  shell 

^+ct2»-£  +  /-f'7-0 

Is  reduced  to  the  form 


i*r + [l(ir-i)  +  T  +  w + 1  *f] 1  -{ °- 


(9.1) 


The  underlined  small  terms  (values  of  the  function  f(0)  =  ^  ( si^2" e  - 
“tj-)  +  ^  are  shown  in  Figure  9)  may  be  neglected  in  comparison  with 
the  other  terms.  We  obtain  the  following  form  of  the  Bessel  equation 


•S'  +  [l#r  +  /-r]z=0.  (9.2) 

The  solution  of  this  equation  is  a  cylinder  function  of  zero  order 
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which  may  be  written  in  terms  of  Bessel  functions  of  the  first  and 
second  kind  or  in  terms  of  their  modifications.  Dropping  the  part  of 
the  solution  which  tends  to  infinity  with  increase  of  the  argument 
and  writing  the  Bessel  function  which  appears  in  the  solution  in 
terms  of  Thomson  functions  of  the  second  kind,  as  was  done  in  §  5, 


#f,C*V--T)=kerjr— /kel  x , 


we  obtain  the  following  expression  for  the  basic  complex  function 

7-  Vlcf  V~)= 

V  i  kel  x).  (9.3) 

We  obtained  (9*2)  from  the  ori^Lnal  equation 
by  neglecting  quantities  of  order  c/R  in  compar¬ 
ison  with  one.  This  permits  considering  the 
resulting  solution  as  "exact,"  i.e.,  its  error 


pig.  9. 


is  a  quantity  of  order  h/R. 


Denoting 


(9.4) 


we  obtain  the  expressions  for  the  shell  forces  and  moments 


r»=  *  +  Vt  ke,'x] - 

-  ^Nk«'+/S  Vt-'**'*]}  • 

Tt =  It + Ax  [  ker  x — ctg  8F(6)  kel  x  — 

-  Visnr  Vr ct*,kel ' *]  +*»  [  Vtiht  kc* * + 

— c  {a,  f  y  kel  x  -f-  ( 1  —  *)  ctg  #F  (•)  ker  x  -f 

+  F/^]^d*,ker^)l"^(V^Tkerx“ 

” ( 1  ~ ^ (t c,g ,p(8)keI  r+  V TiTT  n clS#kel'Jt]}* 
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^«=cW,Vr5Tk€ijc-<i-’)(7ct«*/r(#)kerjc+ 

+  /-SVr?cte#ker''l)]-fl‘[vVr5TkerJt+  . 

+0  — )(-y dg*F(0)kel *+  /3t  VrCtK#k«« '*)}; 

The  values  c  ’  the  functions  /0/sin  0  and  F(0)  are  taken  from  Figures 


Figure  10.  Figure  11. 

We  have  for  the  edge  shearing  force 


Clk"''+ 

-MT-ar'»‘"J‘+/5Vr-w'«4  <9'7> 

Using  the  same  notations  for  the  values  of  the  Thomson  functions  (5.8) 
at  the  edge  and  using  arguments  similar  to  the  preceding,  we  find  the 
relations  between  the  edge  values  of  the  radial  displacement  and  ro¬ 
tation  angle  and  the  values  of  the  shearing  force  and  bending  moment 
at  the  edge 

«•= + ^»  (Q.  -  Q!) 

(Q, — Qo)+^i*Afi-  (9.8) 


In  this  case  the  edge  compliance  coefficients  are 


■V=  An = -  t'UO-*)  -f  Wwt K , 


where  we  have  the  additional  notation 


r* = *• + ( 1 + »)  -jj-  c,g 
W'  ~  V *•  ~  ( >  + »)  -  J-  ctg  »tp#t 


(9.9) 


(9.10) 


(9.11) 
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In  order  to  evaluate  the  accuracy  of  the  solutions, we  calculated 
the  compliance  coefficients  corresponding  to  three  methods:  1)  the 
conventional  Geckeler  method  [2,  page  123],  2)  the  Bessel  asymptotic 
solution  treatment  (using  the  relations  of  S  5,  which  for  brevity  we 
term  the  Bessel  solution),  and  3)  the  modified  solution  presented  in 
the  present  section.  The  latter  is  more  exact  and  is  used  as  the  com¬ 
parison  standard.  The  angle  eQ,  characterizing  the  size  of  the  cen¬ 
tral  opening  in  the  sphere,  was  assigned  various  values  from  5  to  90°. 
In  addition,  several  values  of  the  curvature-thickness  ratio  were 
used  h/R  ,  1/20,  1/50,  1/100,  1/200,  1/500. 


The  compliance  coefficients  corresponding  to  the  Bessel  solution 
(Formulas  (5. 1*0)  were  close  to  the  modified  values  obtained  using 
(9*S)-  The  difference  did  not  exceed  5%  for  any  values  of  the  para¬ 
meters  . 

As  an  example  Figure  12  shows  the  values  of  the  ratios 
(solid  curves)  and  (dashed)  for  three  values  of  the  curvature- 

thickness  ratio  R/h  =  20,  100  and  500,  where  are  the  compliance 
coefficients  corresponding  to  the  Geckeler  solution,  a^  are  for  the 
Bessel  solution, and  A.,  are  the  modified  solution.  The  Geckeler 
asymptotic  solution  gives  good  agreement  for  the  compliance  coeffi¬ 
cients  with  the  modified  solution  for  thin  spherical  shells  and  for 
angles  0Q  greater  than  30°.  The  worst  of  the  ratios  a^j/A^  was  used 
to  plot  the  curves  of  Figure  13,  which  make  it  possible  to  evaluate 
.,ic  applicability  of  the  considerably  simpler  Gecneler  asymptotic 
solution  as  a  function  of  the  shell  parameters.  Here  the  curves 
correspond  to  5,  10  and  20J  error  of  the  Geckeler  solution  in  compar¬ 
ison  with  the  modified  solution.  Selecting  a  shell  curvature-thickness 
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ratio  and  the  desired  accuracy,  we  can  use  the  figure  to  obtain  the 
value  of  the  angle  0q  for  which  the  Bessel  solution  may  be  replaced 
by  the  Geckeler  solution. 

This  analysis  permits  us  to  conclude  that: 

1)  The  proposed  version  of  the  Bessel  solution  is  valid  for  all 
"hemispheres"  to  within  shell  theory  accuracy.  Therefore,  its  further 
refinement  is  not  worthwhile. 

2)  For  0q  exceeding  some  limiting  value  which  is  characteristic 
for  each  curvature-thickness  ratio  (Figure  13) ,  the  simpler  Geckeler 
solution  may  be  used. 


§  10.  Literature  Survey 

The  following  survey  (laying  no  claim  to  completeness)  includes 
primarily  studies  of  the  stress  state  in  shells  of  revolution  with  a 
small  central  opening.  The  closely  related  studies  of  the  effect  of 
a  concentrated  force  or  of  a  load  distributed  over  the  area  of  a  small 
circle  with  center  at  the  pole  of  a  shallow  shell  are  not  covered  in 
this  survey. 


The  symmetric  deformation  of  a  spherical  shell  weakened  by  a  cir¬ 
cular  cutout  was  studied  by  Shevlyakov  [7].  Using  the  Vlasov  shallow 
shell  equilibrium  equations  [8],  he  reduced  the  solution  to  the  single 

e,5uatlon  li.-tt.-0, 

(10.1) 


where 


L—£t  +  T 


to  ' 


a  is  a  dimensionless  parameter 


.  .  ,V  RVfi 

r  —  *a,  k~~  y 


The  solution  was  obtained  in  the  form  o  =  +  o2,  where  °1  and  a2 

are  solutions  of  the  equations 
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$.+i.^=0. 

^&  +  T  •T-‘*'=0- 


and  o^  is  the  solution  in  terms  of  Bessel  functions 


(10.2) 


%=(^I+w1)y,(«  K=l).  ( 10  *3 ) 

The  cases  of  free  and  clamped  opening  were  considered.  Unfor¬ 
tunately,  an  error  was  made  in  the  argument  in  the  solution  of  (10.3). 
In  reality  the  function  Kg(a/I)  will  be  the  second  solution  in  (10.3). 

The  results  of  this  study  were  used  in  [9]  to  solve  the  problem 
of  stress  concentration  in  a  spherical  closure  which  is  coupled  through 
a  toroidal  segment  with  a  cylindrical  tube. 


The  axisymmetric  problem  was  also  examined  by  Sokolov  [10]  who 
used  the  Lur'ye  relations  [11]  to  write  the  solution  for  a  spherical 
shell  with  small  circular  opening  at  the  pole  in  terms  of  the  same 
Thomson  functions  ker  x  and  kei  x.  Then,  retaining  in  the  general 
solution  the  function  which  decreases  with  reduction  of  the  angle 
0  (her  x,  bei  x),  Sokolov  obtained  also  a  solution  for  a  closed 
spherical  shell  in  which  the  angle  corresponding  to  the  shell  edge 
Is  small.  He  wrote  out  the  expressions  for  the  edge  values  of  the 
basic  quantities—  forces,  moments  and  displacements,  for  two  versions 
of  the  boundary  conditions  at  the  edge  of  the  opening:  1)  given 
meridional  bending  moment  (Mg)  and  horizontal  force  (Qg) ,  2)  given 
horizontal  displacement  (uq)  and  rotation  (*g). 

The  combinations  of  Thomson  functions  were  calculated  for  the 
sphere  with  an  opening 

C(i)=i2ji±^  •*  ,  £>(x)  =  ker'xkelx  —  kei'xkerx, 

£v4=kei4x+kel*x,  /r(x)  =  ker'xkerx-t-kel'xkelx,  ,in  ^ 

w-fiB r- 

where  the  va.lues  of  the  functions  f(x),  e(x),  d(x)  are  presented  in  a 
table  (x  _<  10) . 

Comparing  his  solution  with  the  conventional  asymptotic  solution, 
Sokolov  concludes  that  it  may  be  used  for  large  values  of  the  angle  0. 


We  know  that  the  Geckeler  approximation,  valid  for  not  very  small 
angles  0,  consists  in  neglecting  the  unknown  function  and  its  first 
derivative  in  comparison  with  the  second  derivative  in  the  Meissner 
equation  [12] 

Q^+ct**Qu— (ctg1*— ') 
r+dgH'—  («*••+»)*= “ 

(10.6) 

(  *  is  the  meridian  rotation  angle,  Qln  Is  the  shearing  force).  This 
leads  to  exclusion  of  terms  with  trigonometric  factors  from  the  equation. 

Hoff  [13]  attempted  to  account  approximately  for  the  meridian 
curvature  of  a  spherical  shell  by  replacing  ctg  0  by  the  first  two 
terms  of  its  Taylor  series  expansion  in  the  fourth-order  system  (1-0.6), 
trans  rmed  to  a  single  equation,  i.e.,  writing 

«*•=<*(«.+*  =«*•.- 

where  0g  corresponds  to  the  shell  edge  in  question,  and  x  is  measured 
from  the  shell  edge.  He  shows  that  this  approximation  is  valid  for 
0 o  >  30°  for  R/h  =  100  and  for  0Q  >  45°  for  R/h  =  50.  Here  the  in¬ 
fluence  coefficients  corresponding  to  the  new  approximation  differ 
from  the  Geckeler  values  only  by  correction  factors  which  are  close 
to  unity  in  the  region  where  the  new  solution  is  applicable. 

The  numerical  values  of  the  influence  coefficients  for  a  hemis¬ 
phere  with  opening  with  the  basic  parameters 

-~=15.  25.  50.  75,  100,  125.  150,  200,  250. 

•,=50.  40.  30,  20,  10J 

were  obtained  by  Galletly  [14]  by  integrating  the  Meissner  equations 
(10.6)  using  the  Runge-Kutta  method  with  r  °  step. 

In  his  previous  study  [15]  Galletly  made  a  comparison  of  the  in¬ 
fluence  coefficients  for  the  hemisphere  with  circular  central  opening 
obtained  using  three  different  methods:  1)  Geckler  method,  2)  Esslinger 
method,  [16]  which  amounts  to  reducing  the  governing  equation  to  a 
Bessel  equation  by  the  change  ctg  6  ^  1/0, and  3)  the  Love  method  [17], 
which  reduces  the  equation  to  a  form  whose  solutions  are  Legendre 
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functions  of  a  complex  variable.  In  calculating  the  latter ,Galletly 
used  either  asymptotic,  representations  (method  3a)  or  their  expres¬ 
sions  in  terms  of  hypergeometric  series  (method  3b).  Method  3b  (very 
cumbersome  , but  more  precise)  was  used  as  the  standard  for  comparison 
with  the  other  methods.  On  the  basis  of  comparison  of  the  influence 
coefficients  for  one  specific  hemisphere  with  the  parameters  R/h  * 

90.5  and  8q  ■  10°30'»he  recommends  using  method  2  (Bessel  asymptotic 
method)  for  cases  when  the  opening  total  central  angle  28Q  <  n/6.  In 
the  case  in  question, its  error  was  5%  in  comparison  with  method  3b, 
while  the  Ge.ckeler  method  gave  a  maximal  deviation  of  15%. 

In  a  distsussion  of  Galletly's  article  his  supporters  [18]  expand 
the  study,  including  two  additional  methods  which  are  convenient  for 
practical  application:  method  4  of  Burrows-Graves  and  method  5,  which 
is  an  approximate  solution  based  on  the  Langer  asymptotic  treatment. 
The  Langer  ideas  will  be  discussed  later.  The  Burrows-Graves  techni¬ 
que  extends  the  asymptotic  solution  of  Hildebrand  [19]. 

The  latter  reduces  the  system  of  the  type  (10.6)  for  the  shell  of 
revolution  of  arbitrary  shape  to  a  form  which  does  not  contain  the 
first  derivative 

x*-/=i^+2**®»r=o. 

r-Ftr-wx=-2k>vxt. 

~  ~ 

Here  *»=  and  the  functions  F2,  which  depend  on  the 

shell  geometry,  under  the  assumption  of  smoothness  of  the  geometric 
parameters  are  quantities  of  order  one.  The  asymptotic  solution  is 
sought  in  the  form 

X=x**, 

r=y*. 

where  »— •  J**,  •*  =  2 1,  and  the  functions  x  and  y  are  taken  in  the  form 
of  series  in  powers  of  1/k 

*=i  *.(5)*",  y=2y.0)*~*. 

—*  amt 

In  the  previously  mentioned  discussion  a  comparison  was  made  of 
the  influence  coefficients  for  a  hemisphere  with  ratio  2R/h  =  30 


FTD-HC-23-361-69 


163 


using  all  four  methods  with  the  results  of  an  exact  solution  similar 
to  the  Love  method  (method  3b)  and  led  the  authors  to  conclude:  1) 
the  Geckeler  approximation  is  valid  for  a  comparatively  thin  closed 
hemisphere;  2)  the  Bessel  approximations  are  satisfactory  near  central 
openings  in  relatively  thin  spherical  segments;  3)  method  4  is  usable 
for  comparatively  thin  segments  which  are  nearly  hemispherical;  and 
4)  method  5  (Langer)  is  valid  at  all  points  of  relatively  thick  closed 
or  unclosed  spherical  segments,  including  the  complete  sphere. 

We  note  that  the  Hetenyl  approximation  [20],  also  presented  in  Timo¬ 
shenko^  book  [21],  which  is  more  exact  than  the  Geckeler  approximation 
and  involves  neglecting  only  the  function  itself  in  comparison  with  the 
second  derivative  in  initial  equations (10.6),  yields  poorer  results  than 
the  Burrows-Graves  method  and  the  Bessel  asymptotic  solution  for  the 
hemisphere  in  question. 

We  note  that  not  all  the  approximate  methods  were  investigated 
for  the  angles  29Q  >  tt/6  and  for  other  values  of  the  curvature- 
thickness  ratio. 

Several  analyses  have  been  based  on  the  methods  developed  by 
Langer  [22-24]  for  asymptotic  integration  of  differential  equations 
containing  a  large  parameter.  Langer’ s  first  study  [22]  examined 
asymptotic  integration  of  the  equation 

if{x)  +  |W(x)-x(x)|#(x)=0.  (1Q 

2 

where  \  is  the  large  parameter;  $  (x)  may  vanish  at  a  single  point  of 
the  interval  of  x  variation  (for  example,  x  =  0)  as  follows 

(*)  = -s’ (a0 +<*.*+  (>>0). 

and  x(x)  is  assumed  finite . 

Detailed  studies  are  made  of  the  solutions 


If 


♦  (*)<<* 


i 

T 


V 


■PO±,(';> 


!♦<*)) 5 


(10.8) 
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*Wf'  *-W  '■% $'$$$$£$1$$$*  W- .  :  1*^: » *» 1  * > »i»^FUHWW»-Wl «*<»-»»! **%, Wt* 


|l*  =  7^2 •  t— l|*(x)dx. 


* 

l 


•W*X 


*71) 


whefre  G^(C),  G  (C)  are  cylinder  functions  of  an  equation  related  to 
the  initial  equation  (10.7); 


and 


y'(x)+|X«**(x)—(x)|y(x)=0  (10.9) 

•W=-»r((0,)'-3(2')*+VI 

is  finite  in  the  function  interval  being  considered.  The  solution  of 
(10.7)  is  given  in  terms  of  y+  (x)  and  y_  (x),  where  the  Hankel  func¬ 
tions  are  used  as  the  cylinder  functions.  The  more  general  equation 
is  considered  in  [24] 

■jji  -{-  P-*f»(x) + (■*) + R  (■*.  *)l  * = 0, 

where 

IM>M  6(x,  x)=2^~. 

and  qQ(x)  may  or  may  not  vanish. 

Asympototlc  solutions  of  (10.7)  for  singularities  of  the  coeffi- 

p  - 

cient  ♦  (x)  of  more  complex  form  were  obtained  by  Dorodnitsyn  [3]. 


I 


1 


Naghdl  and  de  Silva  [25,  26]  introduce  an  auxiliary  complex  func¬ 
tion  to  reduce  the  system  of  two  equations  for  a  shallow  shell  of 
revolution  obtained  by  Reissner  [27]  to  a  single  second-order  differ¬ 
ential  equation  of  the  type  (10.7),  vtlid  for  shells  of  constant 
thickness  and  for  those  of  a  large  class  of  variable  thickness 

»"'+|2»yr*(S)+.M{>|  v=[-5~-~]*7o)(f+**c).  (10.10) 

Its  asymptotic  solution  is  found  by  the  Langer  method 

r  =  (T-*  f  TtfP  IAJ  ,  (tt)  +  BJ>  (n)i , 

J  J  \  ~Y  T  '  (10.11) 

This  method  is  used  in  [28]  to  obtain  a  solution  valid  at  the 
apex  for  a  thin  ellipsoidal  shell  of  constant  thickness  subject  to  an 
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axisymmetric  load.  The  solution  Is  written  in  terms  of  Thomson  func¬ 
tions  (See  §  7).  It  is  shown  that  in  the  limit  this  solution  becomes 
the  familiar  solution  for  a  shallow  spherical  shell  [29]. 


The  Din  le  method  [30]  for  finding  the  asymptotic  solutions  of 
ordinary  differential  equations  leads  to  the  same  results  as  the 
Langer  method.  By  the  usual  substitution  any  second  order  differen¬ 
tial  equation  is  reduced  to  the  standard  form 

.  7  <•*)«(*)•  (10.12) 


The  Dingle  method  involves  comparing  the  original  equation  with 


(10.13) 


for  which  analytic  solutions  in  terms  of  tabulated  special  functions 
are  known.  Dingle's  study  presents  a  table  of  the  comparison  func¬ 
tion  f(o)  and  the  corresponding  solutions  for  various  typical  shells 
of  revolution.  Here  the  unknown  solution  is  written  in  terms  of  the 
solution  of  0  0.13)  in  the  form 

or  in  the  first  approximation 


(10.14) 


with  a  simple  technique  being  given  for  estimating  the  omitted  cor¬ 
rection  terms. 


The  study  [31]  of  Galletly  and  Radok  indicates  that  the  Dingle 
method  includes  the  Langer  method  as  a  particular  case  and  permits  a 
simpler  and  less  formal  analytic  interpretation  of  the  asymptotic 
solution  of  the  equations.  Moreover,  in  the  Langer  method  the  argu¬ 
ment  of  the  Thomson  functions  includes  an  integral  of  the  type 

•-f— 

•  «  (l-i*)2 
^  =  Sin  -y  j  , 

which  is  not  tabulated  anywhere.  In  order  to  compare  the  Langer 
approximate  solution  with  the  more  exact  solution,  the  authors  give 
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a  comparison  for  two  particular  forms  of  shells  of  revolution  -  ellip¬ 
soid  with  opening  and  torus  of  negative  Gaussian  curvature  -  in  terms 
of  the  compliance  coefficients  between  the  two  asymptotic  solutions 
(Langer  and  Dingle)  and  the  solution  obtained  by  numerical  integration 
of  the  equilibrium  equations  „  They  conduce  that  the  agreement  between 
these  methods  is  satisfactory. 

The  effect  of  symmetric  and  antisymmetric  loadings  on  a  spherical 
shell  with, small  opening  is  studied  in  [32].  The  bending  moment  is 
transmitted  to  the  shell  through  a  thin-wall  cylindrical  tube.  The 
purpose  of  the  paper  is  to  study  the  effect  of  cylinder  thickness  on 
the  magnitude  of  the  stresses  and  deformations  n  the  sphere.  The 
Reissner  solution  for  a  shallow  shell  [29]  is  used  for  the  sphere. 

A  numerical  example  shows  that  the  cylinder  thickness  has  a  large  in¬ 
fluence  on  the  stresses  and  displacements  in  the  sphere  and  in  the 
limit.  With  increase  of  the  cylinder  thickness,  the  solution  becomes 
the  familiar  solution  of  the  problem  of  the  effect  of  a  concentrated 
force  and  moment  acting  on  a  spherical  shell  through  a  cylindrical 
adapter  [33]. 
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STUDY  OF  STRESS  CONCENTRATION  IN  TURBINE  BLADE  T-SHAPED  HEADS 
IN  ELASTIC  AND  CREEP  CONDITIONS 

I.  I.  Bugakov,  V.  P.  Smirnova  and  S.  P.  Shikhobalov 

This  article  presents  the  results  of  a  study  using  photoelastic 
arid  photocreep  methods  of  stress  concentration  in  the  T-shaped 
heads  of  turbine  blades  with  relative  dimensions  D/d  =  I.58  and  h/d  = 
=  0.625  (Figure  1).  The  study  was  made  by  the  Optical  Laboratory  of 
the  Scientific  Research  Institute  of  Mathematics  and  Mechanics 
of  Leningrad  State  University  for  the  "22-nd  Session  of  the  CPSU" 

The  study  was  made  using  two- 
dimensional  models  subjected  to  a 
constant  external  load  simulating 
the  blade  centrifugal  force.  The 
models  were  fabricated  using  metal 
templates  with  relative  dimensions 
r/d  =  0.010;  0.0417;  0.0625;  and 
0 .1250  (Figure  1). 


The  elastic  problem  was  studied 
on  models  made  from  a  solution  of 
PN-1  in  30!?  styrene,  solidified 
with  gradual  temperature  increase  to  80°  after  adding  10!?  styrene  to 
increase  the  material  optical  activity  and  1-2!?  hydroperoxide.  The 
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Figure  1 
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models  were  studied  by  "freezing”  the  deformations.  In  the  "freezing" 
process  the  model  was  mounted  on  a  ring  simulating  the  turbine  disc 
rim.  The  studies  were  made  using  three  mounting  techniques:  a)  the 
model  was  supported  on  the  ring  through  metal  bars  located  at  the 
edges  of  the  collars;  b)  the  bars  were  located  at  the  radii  r; 
c)  the  model  rested  directly  on  the  ring.  The  loaded  model  was  trans¬ 
formed  into  the  highly  elastic  state  by  gradual  heating  to  90°,  after 
which  It  was  slowly  cooled. 

The  optical  path  difference  6  was  measured  at  those  points  where, 
under  elastic  conditions,  the  highest  stresses  arise,  namely  at  the 
midpoints  of  the  arcs  of  radii  r.  Exceptions  were  the  models  with 
ratios  r/d  *  Q.010,  in  which  the  highest  stresses  were  observed  and 
measured  not  on  the  r  contour  itself,  but  0.2  -  0.4  mm  above  this 
contour,  at  points  of  the  rectilinear  part  of  the  contour  (Figure  1). 
The  6  measurements  were  made  in  white  light  on  a  KSP-6  synchronized 
coordinate  polarimeter  using  a  SKK-2  mica  compensator  [1]. 


The  stress  concentration  factor  k  was  determined  from  the 
formula 


*=wS. 


(1) 


where  c  Is  the  measured  stress;  S  is  the  nominal  stress  in  the 
max 

neck  part  of  the  head  (.see  Figure  1).  The  values  of  k  are  pre¬ 
sented  in  the  tahle. 


The  creep  problem  was  studied  using  models  made  from  transparent 
technical  celluloid.  The  techniques  for  modeling  creep  of  T-heads 
were  discussed  in  [2]. 


As  the  creep  law,  we  used  the  aging  theory  equation 


Hj - j-  (*/j  +  yq—  +  f  U)  exp  (b  T)  sy, 

l.J=\,  2.3, 


(2) 


where  e,,  are  the  deformation  tensor  components;  s..  are  the  stress 
deviator  components ;  s  =  -jau  is  the  average  pressure;  T=V0,bsIJsIJ 
is  the  tangential  stress  intensity;  t  is  time;  E  is  the  elasticity 
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modulus;  v  is  Poisson's  ratio;  b  is  a  function  of  temperature;  and 
A are  unit  tensor  components. 


The  mechanical  and  piezo-optical  properties  of  the  celluloid 

were  determined  from  data  of  specimen  tests  under  constant  stresses 

2 

of  50,  100,  150  and  200  kgf/cm  and  a  temperature  of  35°  in  simple 
tension;  the  tests  lasted  five  hours.  The  creep  curves  were  reduced 


using  the  equation 

•»*=■ if-  +  T  T  W  exP  (^f)  *'• 


(3) 


which  follows  from  (2),  in  the  case  of  simple  tension. 


The  specimen  deformation  as  a  function  of  time  was  measured 

p 

using  Martens  tensiometers  [3]-  The  modulus  E  =  18,000  kgf/cm  was 
determined  from  the  results  of  the  first  measurement  as  the  ratio 
of  the  stress  to  the  measured  value  of  the  deformation.  Then  the 
experimental  results  were  plotted  on  a  plane  in  the  coordinates 

,B(^i  2")*  *•'  •  Isochrones  were  then  drawn  through  points  relating 

to  the  same  moments  of  time  (Figure  2). 


It  follows  from  (3)  that 

~  t) = ln  [4  T  <0]  +  yf. 

Thus,  the  slope  of  the  lines  in  Figure  2  defines  the  quantity  . 

From  Figure  2,  we  find  b  =  0.026  cm^kgf. 


Figure  2  Figure  3 


* 
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Since  time  enters  into  (2)  as  a  parameter,  the  function  $  is  not 
determined  specifically.  The  quantity  which  defines  the 

connectic  1  between  analogous  moments  of  times  on  the  model  and  full~ 
scale  [2.],  was  calculated  in  accordance  with  (3)  using  the  formula 

<a=i(^L-l)exp(“^)- 

The  curve  of  t°  has  the  shape  of  creep  curves  (Figure  3). 

Studies  have  shown  that  the  values  of  t°  increase  with  increase 
of  hhe  material  temperature.  In  order  to  cover  a  wide  range  of 
values  of  t°,the  specimen  and  model  tests  were  conducted  at  elevated 

i 

temperatures . 

The  optical  path  difference  6  in  these  tests  of  the  celluloid 
specimens  was  measured  by  the  Senarmon  method  in  polarized  light 
which  was  nearly  monochromatic  with  wavelength  546  m  p  .  From  the 
measured  values  of  6,  we  plotted  isochrones  in  the  coordinates 
(Figure  4).  f 

The  celluloid  models  were  tested  at  35°  under  various  constant 

values  of  the  nominal  Stresses  S.  The  values  of  S  are  shown  in  the 

table.  Albo  shown  are  the  values  of  the  dimensionless  parameter 

S°  *  bS,  which  are  necessary  for  conversion  from  the  model  to  full 

scale.  The  models  were  mounted  directly  on  a  celluloid  ring  (it 

was  shown  in  [2]  that  the  contact  conditions  of  the  head  with  the 

disk  under  creep  conditions  does  not  have  a  significant  effect  on 

the  value  of  the  stress  concentration  factor).  Each  test 

lasted  five  hours.  The  fi  measurements  were  made  as  a  function  of 

time  at  the  same  points  as  used  on  the  PN-1  models,  using  the 

measurement  technique  described  in  [2].  The  conversion  from  6  to  the 

stress  o  was  accomplished  with  the  aid  of  the  isochronic  curves 
max 

(see  Figure  4).  The  particular  isochrone  used  depended  on  the 
moment  at  which  6  was  measured. 
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Figure  4. 


The  stress  concentration  factor  k  was  found  from  (1). 

The  variation  of  k  with  time  for  the  celluloid  models  with 
r/d  »  0.0417  is  shown  in  Figure  5. 

The  dimensionless  time  t^  of  steady  state  creep  onset  was 
determined  from  the  conditions  [2] 

<=0,5exp(—  ^).  (41 

Then  Figure  3  was  used  to  determine  the  physical  time  t#  of  steady 
state  creep  onset  (dashed  curve  in  Figure  5).  The  values  of 
and  the  stress  concentration  factors  k  for  steady  state  creep 
]for  are  shown  in  the  table.  Since  the  values  of  k  for  -j-=0,0417, 

S»=0.345  and  S°  =  0.695  vary  little  with  time  (Figure  5),  we  consider 
that  steady  state  creep  corresponds  to  the  values  of  k  for  t  -- 
5  hours . 

Figure  6  shows  the  variation  of  k  in  steady  state  creep  as  a 
function  of  the  ratio  r/d  (solid  curves).  The  curve  S  =  0  corres¬ 
ponds  to  the  solution  of  the  elastic  problem  or  the  solution  of  the 
problem  for  a  material  for  which  the  creep  deformation  depends  linearly 
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on  the  stress.  This  curve  is  plotted  from  the  results  of  PN-1  model 
testing.  The  other  curves  are  plotted  from  the  results  of  celluloid 
model  testing.  The  crosses  correspond  to  the  data  of  Hetenyi  [4], 
obtained  under  creep  conditions. 

In  [2],  a  study  was  made  of  the  stress  concentration  in  a  T- 
head  with  relative  dimensions  -j-=1.78,  —=0.645  ^see  pigure  i)  for 
S°  *  0  (elastic  problem)  and  S°  =  1.47  for  values  of  r/d  in  the 
range  0.0715-0.1735-  Values  of  k  for  the  same  values  of  S°  were 
later  obtained  for  r/d  -  Q.Q09.  The  results  of  tha  study  of  these 
blade  heads  are  shown  by  the  dashed  curves  in  Pigure.  6.  We  see  that 
the  values  of  k  in  theses  heads  and  in  those  studied  above  are 
practically  the  same  for  the  same  values  of  S°  and  r/d. 

The  data  of  Pigure  6  are  used  to  plot  in  Pigure  7  the  variation 
cf  k  with  S1"*  under  steady  state  creep  conditions.  The  parameter 

Q 

x'or  eacn  curve  is  the  ratio  r/d.  The  ordinate  S  *0  defines  the 
solution  of  the  elastic  problem. 
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Figure  5 


Figure  6 


We  see  from  Figure  6  that  with  an  increase  of  the  parameter  S 
(level  of  the  nominal  stress  In  the  head  or  degree  of  nonlinearity  of 
the  connection  between  creep  deformation  and  stress  for  the  head 
material)  the  value  of  k  decreases,  and  the  dapanden.e  of  k  on  the 
ratio  r/d  also  diminishes.  It  follows  similarly  from  Figure  7  that 
the  values  of  k  and  the  dependence  of  k  on  S°  diminish  with  Increase- 

of  the  ratio  r/d. 

These  results  make  it  possible  to  determine  the  stress  concen- 
tration  factor  in  metal  T-heads  in  steady  state  creep  conditions,  if 
they  have  the  relative  profile  dimensions  indicated.  It  is  assumed 
that  the  head  is  loaded  only  ay  the  constant  blade  centrifugal  force 
S  —  which  does  not  cause  hending  —  the  stress  state  in  the  head 
is  plane,  the  head  is  uniformly  heated  and  its  temperature  is  con¬ 
stant  . 

From  the  results  of  testing  the  head  material  In  simple  tension 
under  creep  conditions,  we  can  determine  the  values  of  t  and  t  , 
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Figure  7 


similarly  to  the  way  this  was  done  above  for  celluloid.  We  note 

that  the  use  of  the  exponential  dependence  of  the  creep  deformation  I 

on  the  stress  in  accordance  with  (2)  usually  leads  to  good  results. 

The  tests  should  be  conducted  at  the  working  temperature  and  with 

stresses  in  a  range  no  less  than  the  expected  stress  range  in  the 

head.  Then,  the  parameter  *  bS  is  calculated,  and  (4)  is  used 

to  obtain  the  dimensionless  time  t*  bf  steady  state  creep  onset, 

and  then  the  physical  time  t#  for  onset  of  this  state.  The  value 

of  k  for  steady  state  creep  (,t  t#i,  is  found  from  the  values  of 

S°  and  r/d  using  the  curves  of  Figures  6  and  7-  From  the  curves  of 

Figure  5',we  can  find  the  variation  of  k  with  time  in  the  unsteady 

state  creep  condition  for  the  head  with  ratio  r/d  =  0.0417.  The  ] 

analogous  moments  of  time  for  the  model  and  full  scale  are  defined 

by  the  same  values  of  t°  [2].  Therefore,  we  can  use  Figure  3  to  I 

0  ,  j 

convert  the  curves  of  Figure  5  to  the  coordinates  k,  t  ,and  we  can  | 

use  the  curve  of  t^,  t  to  convert  for  the  full-scale  material  back 
into  the  k,  t  coordinates , where  now  t  is  the  time  after  leading  of  j 

the  full  scale  head. 
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ESTIMATING  THE  FUNDAMENTAL  VIBRATION  FREQUENCY  OF 
A  BAR  OF  VARIABLE  CROSS  SECTION 


L.  I.  Kuznetsov 


The  problem  of  finding  the  natural  frequencies  of  the  longitudi¬ 
nal  vibrations  of  a  bar,  one  end  of  which  is  clamped  while  the  other 
carries  an  absolutely  rigid  weight, leads  to  findSaig  those  values  of 
for  which  the  equation 

IS('*)/'  (*)!'  +  ■J-  5  (x)f  (x)  —  0  Q\ 


has  a  nonzero  solution  [1],  under  the  boundary  conditions 

/(0)=0,  (2) 
Af.*/(/)-ES(0/(0=0 

Here  y  is  the  bar  material  density;  1^  is  the  har  length;  S(x)  is 
the  cross  section  area;  E  is  the  modulus  cf  elasticity;  M  is  the  mass 
of  the  bar. 

For  estimating  the  upper  limit  of  the  first  (fundamental) 
vibration  frequency, we  have  the  simple  hut  in  many  cases  adequately 
precise  Rayleigh  formula  [2,  3],  which  for  the  mode  corresponding 
to  a  static  load  is 
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<<<= 


f 


+(x)S(x)Jx 


where  is  the  fundamental  vibration  frequency,  and 


.•n-f : 


It  is  desirable  to  have  an  equally  simple  formula  for  estimating 
the  lower  limit  of  the  fundamental  frequency,  as  this  would  be 
useful  for  practical  calculations.  Such  an  estimate  is  obtained 
Immediately  with  the  aid  of  the  principle  of  contracting  mappings 
[5].  However,  this  method  is  not  found  in  handbooks  and  texts  on 
vibration  theory,  and  this  is  the  reason  for  the  present  article. 

Let  us  consider  the  problem  of  forced  vibrations  of  a  bar  with 
a  weight  under  the  influence  of  a  "distributed11  loading  of  the  form 
F(x,  t)=f(x)ttnmt,  where  <f> (x )  is  a  function  which  is  continuous  In 
[0,1]  .  Then  we  obtain 


with  the  same  boundary  conditions. 

Let  •<•!•  .  Then  there  exists  a  Green's  function  of  the 
operator  [S(x)f,(x)]’  with  the  conditions  C2}[4] 


G(x,y)  = 


I  &  ~  Af“f  |«  (/)  — •  ®  (y)l  I ,  *<y. 


and  we  can  write  the  integral  equation 


/( *)  =  Jjr-jO(x ,  y)S(y)/(y)dy+*(x), 


where 


4>(x)  =  -  J  G(x,  y)<t(y)dy. 
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that 


We  note  the  following.  Since  *•<•»,  we  find  from  (3)  and  (4) 

E — M»V(/)>0 


We  require  that 


0<£-tf-*{3(/)-9(*)!<£. 


ft/ 


Q(x,  y)S(y)dy<\. 


We  achieve  this  if  we  consider  that  •<•«,  where 


,0+f 


J*V)+T\'(x)Six\dx 


In  fact,  it  follows  from  (4),  (.6)  and  (9)  that  for  all  ■*'€J0'. 


we  have 


S)Su*lj’<r^£uisj'WS(r)&+ 


9 

¥  “«  f  0  (X,  y)  S  (y)  iy.  < 
<•5*-  T=£xm  j'l*)Slx)dx -  1. 


Then  it  follows  from  the  principle  of  contraction  mappings  [5]  that 
a  solution  of  (7)  exists  for  any  ■»<•,.  And  this  means  that 

is  no. greater  than  w. . 

X  V 

For  illustration , consider  the  simple  example:  S  =  const.  If 
we  take  Cm  is  the  bar  mass),  then  we  obtain  from  (3)  and 

(11) 


'•-Vrh’  -=J^- 
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The  exact  value  of  the  fundamental  frequency  is  determined  by  the 
smallest  positive  root  of  the  equation  [ 33 - 


The  following  table  is  constructed  from  the  calculations* 


p 

•.I 

U 

1 

N 

H0 

- 

% 

1309 

0,511 

0/33 

0/17 

1,292 

1,400 

1,414 

0,311 

0,520 

0,853 

0/61 

1,429 

1/56 

1/71 

'm 

0,311 

0,523 

0,655 

0366 

1/40 

1.706 

1.732 

We  see  from  the  table  that  for  small  y  the  error  of  (11)  is 
not  large  (however, (3)  is  more  accurate).  However,  for  large  y  the 
error  of  both  formulas  is  of  the  same  order. 

It  is  interesting  to  note  that  the  error  of  the  average  value 
Vav_-j-(»,+n*)  does  not  exceed  2.5)5  for  all  the  values  of  y  presented 
in  the  table. 

It  is  clear  that  (3)  and  (11)  are  also  suitable  for  estimating 
the  fundamental  frequency  of  torsional  vibrations  of  a  bar. 

In  place  of  E,  S(x),  M  we  need  only  write  G  (shear  modulus),  I  (x) 
(polar  moment  of  the  section),  and  I  (moment  of  inertia  of  the  weight). 

Formulas  (3)  and  (11)  will  also  hold  for  transverse  vibrations 
of  a  clamped  bar  with  a  point  weight  at  the  end  (without  account  for 
rotational  inertia  and  shear).  However,  in  this  case 

where  EI(x)  is  the  bending  stiffness. 
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FORCED  AXISYMMETRIC  VIBRATIONS  CF  A 
CIRCULAR  THICK  PLATE 

G.  N.  Bukharinov 


In  this  article  we  solve  the  problem  of  forced  axisymmetric 
vibrations  of  a  circular  thick  plate  under  the  influence  of  uniformly 
distributed  normal  forces  which  are  harmonic  time  functions  applied 
to  one  of  the  faces  of  the  plate.  The  boundary  conditions  on  the 
faces  are  satisfied  exactly.  Satisfaction  of  the  boundary  conditions 
at  the  side  surfaces  reduces  to  calculating  the  coefficients  in 
the  expansion  of  the  displacements  into  series  of  functions  of  the 
z  coordinate,  where  o^  Is  the  axis  of  symmetry. 


In  the  axisymmetric  deformation  case, the  radial  displacement  u 
and  the  axial  displacement  w,  as  Is  known,  satisfy  the  following 
differential  equations  or  motion 


y-j*  i  i-i*  «  **  i-*  *  .  i  d*o . 

^  +  rr$  • — ’if  ~  -  x •  a*  + 

J__  I  (tot  __  ,<I+iO  A 

+  W=^) ■  ~SSF wmi W  • 

_J I  to  ,  I  9m  I -«  £*»  . 

5ir^-X-^  +  JTi^T)-3?3F^rr^'*r  + 


I  .  tot 


+  TFSr  +  T"Wr  = 


_  >(»-!>) 


i8h 
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where  t  is  time;  r  and  z  are  cylindrical  coordinates;  p  is  Poisson's 
ratio;  E  is  the  normal  elasticity  modulus:  p  is  the  density.  We  take 
the  plane  z  *  0  as  the  middle  plane.  We  denote  the  plate  thickness 
by  2h  and  the  face  radius  by  rQ. 

The  normal  a  and  tangential  t  stresses  are  known  to  have 

Z  I*Z 

the  form,  respectively. 


where  G  is  the  shear  modulus. 

We  specify  the  following  boundary  conditions  at  the  faces  of 
the  plate  fpt  *=  +  *, 

V  l  o  for  x—-h 

for  *=±A.  (3j 


Substituting  (2)  into  (3), we  have 


|<|-'‘>Ts-+f(£+-f)}|_>>=-!Tir 

i*'-rt£+'‘(5 +t)JL 


15  > 

We  seek  the  solution  corresponding  to  forced  vibrations  in  the  form 

B  =  B*(r,  z)sln«/,. 

*r-  4,"<  (6 1 

L  -  • 

where 


n  t-i5  *- 
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and  it  is  assumed  that  the  frequency  u  of  the  specified  loading 
satisfies  the  condition  sin  2  kh  /  0.  Substituting  (6)  into  (l),we 
find  that  u*(r,  z)  and  w*  (r,  z)  must  satisfy  the  following  system  of 
differential  equations 


JO-H)  *S*  ,  J(t-rt  I  J(1-|0  «*  , 

T-^- ■-&<+  I  - V  ' 7~ -jT - i^-7r  + 

+  W+r=5KB 

!  I  ,  I  <%•  .  *»•  , 


(7) 


+•  -jpr + <***•= o. 


where 


rf=*4ij±a. 


The  boundary  conditions  at  the  faces  z  =  *_  h  after  substituting 
(6)  into  (4)  and  (5)  are  rewritten  in  the  form 

■{(tlrt«f+r(-+i))L=o 

C8) 

and 


We  seek  the  solution  of  (7)  in  the  form 


x,-=-Ul(hr)<f(z), 


where  JQ  and  J.^  are  Bessel  functions. 


(9) 


(10) 


Substituting  (10)  into  (7), we  find  the  equations  for  the 
functions  4>(z)  and  ip ( z ) 


(z)  +  [**  r  «*]  f  <*>  • +  rr^  *'  <z> =°. 

V  W + W=7)  («* + t  <*>  +  f  W = 0. 


(ID 
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'MM^rrnrr  mammmom  rn  me 


Integrating  (11)  we  find 

t(*)=^1co«V+Bl«JnX1i+^-(_iQlCOSiiZ+c;||nV) 
t  (*)  *= -jj- a>t  Xi* — >4,  «n  X,z) + C,  cos  M + O*  *ln  V, 
where  A^,  B^,  C^t  L ^  are  arbitrary  constants  and 

1? -*+■*, 


(12) 


(13) 

After  Introducing  (10)  into  the  boundary  conditions  (8)  and  (9), they 
are  written  in  tbe  form 


and 


0— rit'W+w^jssO, 
0-rit'<-*)+i»f<-A)  =  o 


V(-  *)+«♦<-  A)=0. 


(14) 


(15) 


Introducing  U2)  into  Cl4)  and  (15),  we  find  that  (11)  and  the 
boundary  conditions  Cl4)  and  Cl5)  will  be  satisfied  by  the  functions 


(16) 


where  A1  and  *2  are  expressed  in  terms  of  a  using  (13),  and  we  have 
the  equation 

(17) 

Similarly,  the  system  (11)  and  the  boundary  conditions  (14)  and  (15) 
will  he  satisfied  by  the  functions 


(18) 
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where  X^^  and  X2  are  expressed  in  terms  of  a  using  (13) »  and  the 
equation  holds 

t*MctsM=— 43j£r~- 


We  denote  by  «*  (*=!;  2,  3,  ...)  the  root  of  (17).  On  the  basis  of  (13) 
this  root  corresponds  to 

>lk  =®**t***i 


and  from  (16)  we  have  the  functions 


f  cot  t|^  1 

f,  WfcAf^C0*  .^j-cosV  j . 

♦•<*)=“ S^* [sh*1!** - s,nX**^ ] • 


where  Mkikszl.  2.  3.  ..  .)  are  arbitrary  constants. 

We  denote  by  ?*.  *=i,  2,  3, ...  .the  root  of  (19) »  i.e., 

f*>  +  2»i)* 


where 


s„=o'+j5, 

s.=*in5j«,+*  C23: 

On  the  basis  of  (.18)  the  root  corresponds  to  the  functions 


•*'»  [  2?i  cotSa* - "J>  (24) 

where  Nk  (A=l,  2,  3.  ...)-  are  arbitrary  constants.  It  follows  from  (10) 
that  (.7).  and  the  boundary  conditions  (8)  and  (9)  will  be  satisfied 
by  the  following  coordinate  functions 
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”"  =  §{_  5<I*/*(‘V>  [  ""  >^  -  «»  >^]  + 

+*^(/V,[«.S»«-^.^.CMS^|j. 


The  arbitrary  constants  and  (*=1,2,3....)  must  be  found  from 
the  boundary  conditions  at  the  plate  side  surface. 


It  is  obvious  that  there  is  no  difficulty  in  indicating  the 

▼nines  of  the  constants  and  if  we  satisfy  the  boundary  conditions 

ht  the  aide  surfacetr  *  rA)  in  the  Saint  Venant  sense,  or  if  we 
I  u 

satisfaction  of  these  conditions  only  at  a  finite  number 
jof -points  from  the  interval  *<*<+*. 
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EFFECT  OF  PRELIMINARY  PLASTIC  DEFORMATION  ON  THE  YIELD 
AND  ULTIMATE  LIMITS  OF 

COPPER 


G.  B.  Talypov 


In  preceding  papers  [1,  2]  a  study  of  the  effect  of  preliminary 
plastic  deformation  on  the  yield  limit  of  low  and  medium  carbon 
steel  established  that  the  shape  of  the  yield  limit  is  independent 
of  the  loading  path,  and  is  a  circle  on  the  Il'yushin  plane  [3], 
expanding  and  displacing  in  the  direction  of  the  preliminary  plastic 
deformation.  In  the  present  paper, we  present  the  results  of  a  study 
of  the  effect  of  preliminary  plastic  deformation  on  the  yield 
limit  of  annealed  technical  copper. 

§  1.  Specimens  and  Test  Equipment 

Tubular  specimens  (D  =  25  mm,  d  =  23  mm)  were  fabricated  from 
35-nim-diameter  annealed  rods  of  technical  copper.  The  basic  geo¬ 
metric  dimensions  of  the  specimens  were  selected  so  that  the  stress 
state  induced  during  testing  was  as  near  uniform  as  possible.  The 
axial  load  was  transmitted  to  the  specimen  by  means  of  a  UM-5 
press  and  special  blank  flanges.  The  axial  force  measurement  ac¬ 
curacy  was  +  1JS.  Internal  pressure  was  transmitted  to  the  specimen 
by  means  of  a  hydraulic  press  and  was  monitored  by  a  reference 
manometer.  The  internal  pressure  readout  accuracy  was  +  Q.25  atm. 
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Wire  resistance  pickups  and  bridge  amplifiers  were  ufed  to  measure 
the  deformations.  The  deformation  measurement  accuracy  was  15-10-*!  1%- 
The  technique  for  reducing  the  test  results  was  described  in  [ l,  2, 

*3. 


§  2.  Yield  and  Ultimate  Limits  in 
the  Original  Condition 

a)  Yield  Llipit  In  order  to  find  the  initial  yield  limit 

each  of  the  selected  specimens  was  tested  to  failure  along  a  definite 
ray  of  the  Urst  quadrant  of  the  (v  **)  plane.  For  a  given  ray  the 
connection  between  the  axial  force  and  the  internal  pressure  was 
determined  by  the  relation 

where  n  is  the  slope  of  the  ray  to  the  cQ  axis.  The  basic  geometric 
dimensions  of  the  specimens,  the  values  of  the  loading  path  parameter 
a, and  aleo  the  test  results  are  presented  in  Table  1. 


Table  1. 


Sample 

No. 

* 

MM 

4. 

MM 

n 

*ur. 

kg/cm2. 

1230 

■«ir 

kg /cm2 
1230 

.  V. 

kg/cm^ 

0 

" 

i 

UM 

2X» 

0 

1.15 

9 

2 

2U» 

2X93 

IS 

1130 

1160 

310 

Ij06 

-V290 

3 

HW 

22JM 

30 

■960 

1090 

630 

1.02 

1,588 

4 

VM 

2X93 

4S 

1060 

1060 

1060 

X99 

0,990 

3 

2U1 

2X96 

60 

920 

656 

1135 

<1613 

• 

HM 

2X97 

75 

1000 

299 

1115 

0.290 

I.U 

7 

X* 

2X93 

90 

1090 

0 

1070 

0 

1.00 

g  •  2 

The  test  results  are:  E  =  1.1*10  kg/cm  ,p=o. 32, cs0=lC70  kg/cm2, 
abQ  -  2190  kg/cm2.  The  experimental  initial  yield  limit  points 
from  the  data  of  Table  1  are  plotted  in  Figure  1.  The  a  =  0  point 
should  be  neglected;  a  shortage  of  specimens  from  this  lot  of  copper 
made  it  impossible  to  carry  out  repeat  tests  for  this  point.  Figure 
1  also  shows  the  initial  yield  limit  on  the  Illyushin  plane,  [ h ] , 
where 
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s 


Sample 

|; 

«•* 

n* 

*rt 

Kft, 

kg/ cm^ 

kg 

kg/ cm^ 

kg/cm^. 

•*» 

i 

0 

170 

-700 

1900 

0 

0.868 

0 

2 

It 

165 

-300 

1130 

490 

0.434 

0,224 

6 

30 

167 

140 

1890 

1100 

0864 

0,503 

4 

45 

176 

780 

1880 

1900 

0JS59 

(1866 

5 

eo 

118 

1250 

1315 

2240 

0.600 

1,02 

6 

75 

51 

1590 

586 

2320 

<1268 

1.06 

7 

75 

54 

1530 

610 

2300 

0,278 

1,05 

• 

tt 

0 

1660 

0 

2190 

0 

1.00 

9 

96 

0 

1670 

0 

2200 

0 

1.00 

Table  2. 


§  3*  Yield  and  Ultimate  Limits 

After  Preliminary  Plastic  Deformation 

The  data  of  Table  2  show  that  the  ultimate  strength  in  the 
transverse  direction  is  about  87?  of  the  ultimate  strength  in  the 
longitudinal  direction.  Therefore,  in  order  to  ensure  consistent 
results  the  preliminary  loading  of  all  the  specimens  was  performed 
up  to  1,6  along  the  ray  a  =  90°.  After  the  preliminary 

loading  and  unloading  new  measurements  were  made  of  each  of  these 
specimens  and  loading  tables  were  prepared.  The  second  loading  up 
to  failure  was  accomplished  on  the  day  following  unloading. 

al  Yield  Limit  F'.-om  the  measured  deformation  values , we 

calculated  the  deformation  intensity  e^and  from  the  corresponding 

values  of  the  stresses  a  and  a  we  calculated  the  stress  intensity 

d  z 

o^.  From  the  (. 0^,  e^  diagram, we  determined  the  value  ais  of  a ^ 
at  the  effective  yield  limit.  In  determining  the  stresses  Og 
and  cz  we  used  the  new  specimen  dimensions,  so  that  ois  will  in  essence 
represent  the  true  stress  [4]. 

The  test  results  are  presented  in  Table  3-  The  data  of  Table  3 
were  used  to  plot  in  Figure  3  the  yield  limit  of  the  copper  after 
preliminary  plastic  deformation.  In  this  figure  the  triangles 
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cimen 

No. 

TT 

MM 

4. 

MM 

•» 

V 

kg/cm^ 

V 

kg/cm2rkB/CTn2 

•ti 

"  •» 

1 

34.14 

23,70 

0 

1740 

1740 

0 

1.62 

0 

7 

XfiO 

22.73 

16 

1670 

2060 

560 

1.94 

jojsw 

3 

21,96 

30 

1895 

2090 

1210 

l|9S 

1,13 

4 

!  AM 

22,10 

45 

1830 

1830 

1830 

1.71 

|’7I 

S 

H30 

22,26 

60 

1770 

1175 

2040 

MO 

l|9l 

6 

g m 

22J2 

76 

1730 

616 

1875 

0i482 

1.75 

7 

HI3 

27,13 

90 

1720 

0 

1720 

0 

W 

Table  3 


indicate  this  same  boundary  on  the  11‘yushin  plane.  The  results 
show  that  the  loading  complexity  does  not  affect  the  shape  of  the 
yield  limit  for  copper.  .  This  limit  remains  a  circle  on  the 
Il'yushin  plane,  expanding  and  displacing  in  the  present  case  in 
a  direction  which  does  not  coincide  with  the  direction  of  the  pre¬ 
liminary  plastic  deformation. 

b)  Ultimate  Limit.  As  indicated  above,  the  second  loading 
of  each  specimen  after  the  preliminary  plastic  deformation  was 
carried  out  to  failure.  The  maximal  values  of  the  axial  force  and 
the  internal  pressure  recorded  during  the  tests  were  used  to 
determine  the  effective  ultimate  stresses.  The  test  results  are 

presented  in  Table  4  and  plotted  in 
Figure  2.  We  see  from  the  figure 
that  preliminary  plastic  deformation 
by  axial  stretching  has  no  effect 
on  the  ultimate  limit  in  the 
region  3*> but  leads  to 
some  expansion  of  this  limit  in 
the  region  =>,>3*.  . 
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Specimen 
No  " 

*ay 

*U 

kg/cu2 

k8 

kg /cm2 

*44 

1 

0 

IIS 

-730 

2000 

40 

0,944 

0J0II 

a 

» 

192 

—356 

2170 

560 

OJ99I 

0,258 

3 

110 

147 

2130 

1200 

0.972 

0,55 

4 

3T46' 

117 

SSO 

2106 

1720 

0.968 

0,784 

s 

*& 

117 

780 

2060 

2000 

0,937 

0*14 

6 

60 

121 

1230 

1370 

2250 

0,626 

IJW 

T 

n 

17 

1150 

643 

2345 

0.293 

1.07 

• 

» 

0 

1670 

0 

2150 

0 

0*13 

Table  4 
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EFFECT  Of  LARGE  PRELIMINARY  PLASTIC  DEFORMATIONS  AND 
NATURAL  AGIj\C  ON  THE  YIELD  LIMIT  OF  LOW  CARBON  STEEL 

G.  B.  Talypov 


It  was  shown  In  [1,  2]  that  natural  aging  after  preliminary 
plastic  deformation  has  no  effect  on  the  shape  of  the  yield  and 
ultimate  limits.  Therefore , the  effect  of  natural  aging  on  the 
yield  and  ultimate  limits  may  be  studied  by  means  of  experiments 
in  simple  tension.  The  influence  of  natural  aging  after  preliminary 
plastic  deformation  manifests  Itself  in  the  fact  that, along  with 
the  Increase  of  the  duration  of  natural  aging, the  yield  limit 
initially  expands  continuously  and  then  contracts,  i.e.,  there  is  a 
recovery  effect.  Natural  aging  has  practically  no  effect  on  the 
ultimate  limit. 

Results  were  presented  in  [3]  of  a  study  of  the  effect  of  small 
Cup  to  5%)  preliminary  plastic  tensile  deformations  and  natural 
aging  on  the  yield  anl  ultimate  limits  of  St.  3  steel.  The 
results  of  these  tests  showed  that  the  effect  of  natural  aging  on  the 
yield  limit  of  low  carbon  steel  is  described  quite  satisfactorily 
by  the  formula 


(1) 
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where  xfl  Is  the  ratio  of  the  yield  limit  to  ac0  in  the  unaged 
condition;  t^  is  the  aging  time  interval  for  which  maximal  expansion 
of  the  yield  •  limit  occurs.  In  the  general  case  the  parameters 
A,  k  and  t,  depdrid  on  cne' magnitude  of  the  preliminary  plastic 
deformation.  Small  preliminary  plastic  deformations  were  examined 
in  C3]  and  therefore,  account  was  not  taken  of  the  effect  of  the 
specimens cfcofcs  section  area  change  as  a  result  of  preliminary  defor¬ 
mation  on  the'  value  of  the  yield  point  for  the  repeat  loading. 

* 

Figure  1  shorn'  the  variation  of  the  parameter  A  for  St.  3  steel  as 
a  function  of  the  degree  of  preliminary  plastic  deformation,  plotted 
tram  the  results  of  [ 3 J  with  account  for  the  specimen  cross  section 
axes  change  as  a  result  of  preliminary  plastic  deformation. 

In  the  present  paper, we  present  the  results  of  a  study  of  the 

effect  of  large  preliminary  plastic  deformations  and  natural  aging 

on  the  yield  limit.  For  the  experiments  we  used  four  groups  of 

so-called  Rgagarinre  specimens  of  annealed  St.  20  steel.  The  (three) 

specimens  of  the  first  group  were  tested  in  tension  to  determine  the 

basic  mechanical  properties  of  this  steel  (osq  -  2280  kg/cm  ,  = 

=  3860  kg/cm  ).  All  27  specimens  of  the  second  group  were  stretched 

to  a  =  Q.85c^„  .  After  unloading  and  recording  the  new  dimensions,  3 
Z  — uQ  — 

samples  of  the  first  subgroup  were  again  stretched  up  to  failure  on  the 
same  day.  Each  of  the  three  specimens  of  succeeding  subgroups  were 
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]]  •-  +cjMt  te. 

I  A-  0J3*io 

J4  l _ i _ J -  »  - >  ■■  '■  — 

•  0  2  4  C  I  Months  of  aging 

Figure  2 


stretcned  up  to  failure,  after  aging  for  a  period  of  one  to  two  months 
and  so  on.  All  27  specimens  of  the  third  group  were  subjected  to 
preliminary  stretching  to  az  M  Q.9Q  <*bQ  and  all  the  specimens  of 
the  fourth  group  were  stretched  to  a z=0 - 95ob0-  After  unloading  the 
corresponding  subgroups  of  these  groups  of  specimens  were  subjected 
to  the  same  operations  as  were  the  corresponding  subgroups  of  the 
second  group.  The  test  results  are  shown  in  Figure  2  and  are  described 
satisfactorily  by  Cl).  In  this  case  the  parameter  A  remains  constant, 
equal  to  0.31,  and  its  values  are  shown  by  the  triangles  in  Figure  1. 
Thus, we  find  that  the  extent  of  the  maximal  expansion  of  the  yield 
limit  for  natural  aging  depends  not  only  on  the  magnitude  of  the 
preliminary  plastic  deformation , but  also  on  the  steel  grade.  While 
in  the  case  of  St .  3  steel  this  expansion  reached  20*,  for  St.  20 
steel  it  reached  30?.  - 
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FAILURE  TIME  OF  TUBES  SUBJECTED  TO 
INTERNAL  PRESSURE  AND  AXIAL  FORCE 


Ye.  M.  Levltas 


In  [1]  Hoff  showed  the  practical  value  of  the  concept  In  which 
failure  time  is  determined  from  an  analysis  of  the  unbounded  quasi- 
viscous  flow  of  a  body.  Discussion  and  literature  references  on 
the  problem  of  "viscous"  failure  are  pres  anted  In  [2]. 

One  of  the  most  important  practical  problems  of  this  kind  is 
that  of  tube  failure.  In  [3]  Kats  found  the  time  for  viscous  failure 
of  a  tube  under  the  influence  of  the  internal  pressure  p.  In  the 
following, we  consider  c.  more  general  problem  in  which  the  load  is 
made  up  of  the  Internal  pressure  p  and  the  axial  force  P. 

Let  a  ar.d  b  be  the  instantaneous  internal  and  external  radii 
of  the  tube.  In  accordance  with  the  Hoff  scheme,  failure  occurs 
when  a-*-b 

Let  us  derive  the  differential  equation  for  0.  We  start  from 
the  obvious  relation 


rfS  J_  _ b_  U_,  (  1  ) 

7i  a  \  dt  a  '  Ut  I  • 
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The  following  formula  for  the  creep  deformation  rate  in  the 
tangential  direction  was  obtained  in  [4],  devoted  to  an  analysis 
of  the  stress  state  of  a  tube  under  the  influence  of  internal  pressure 
p  and  axial  force  P 


where 


t 

•* 


e  k 

7*  f  • 


7  jNtf> 


(2) 


3-  (creep  rate  in  the  axial  direction). 

Introducing  the  value  (2)  into  the  expressions 

ir=(rs)|,^-  C3) 

substituting  the  result  into  (1)  and  noting  the  connection 
between  k  and  cS  we  obtain 

(4) 

In  the  new  notations 

*  =  ^r.  7=Bp*t 

(B  Is  a  coefficient  and  m  is  the  creep  index)  we  rewrite  (4)  as 

T^’fH^T)  =  ~d7’  (4’ 

ite  write  the  formula  for  the  radial  stress  ar  obtained  in  [4] 

in  the  form 

—  (5 ) 

l  ^±.=2.3*  p**jlT(p,  ■},  m)—  1, 
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where 


Mp.  V  ?.  «)=^(*+  %  (?— t)- 


Considering  Xr  =  const,  we  find  ic  from  the  boundary  condition 
«,|  ,=0  and  substitute  it  into  (4l) 


where 


*(p,  v  «)=*(?.  >>.  P.  «)!,.,• 


We  introduce  the  function 


V  «)— -jsir  j"  *"(?.  V  m)-prrj 


Then,  integrating  (6)  with  the  condition  p|_  0  =  3„  we  obtain 

2*+,3~lQ(&.  *)-<?(?,  )>f  m)J  =F.  (7) 

Considering  that  Q(l,  X„  m)  =  0,  we  find  the  failure  time 


X„  m). 


REMARKS. 


1.  If  P=zp*a\  then  lp  =  0  .  Considering  the  relation 


after  transformation, we  obtain 

c  —  3»r  • 


Q(P,  0,  /n)=  (l  —  P~  ") 

2«3~V"  jJ 
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We  have  obtained  the  formulas  found  by  Kats  [3]  for  vise  .'uo  failure 
of  a  tube  under  the  influence  of  the  internal  pressure  p. 


2.  It  is  not  difficult  to  show  that  for  p  ■  0  8  ”  -const. 


In  fact,  introducing  the  expression  for  the  creep  rate  in  the 
tangential  direction 


£ 


«T— (.,—)= - Srrr&T  (• 

JjT 


*f+*,  +  **\ 

J  ) 


into  C3)  and  substituting  the  result  into  Cl)  we  obtain 


P  w  coast =p* 

Consequently  the  method  of  solution  based  on  analysis  of  the 
variations  of  B  is  not  suitable.  Therefore  ,the  Hoff  solution  [1] 
for  a  bar  in  tension  does,  not  follow  from  (8). 


We  present  a  table  of  the  values  of-. 

1).  the  functions  V(p ,  *i)= +  calculated  for 

»,=  ir2.3;  «*»3.  5,  7,  9  with  8  varying  from  1.00  to  2. 00  (.0*05 
stepsl; 


Table  2 

Values  of  the  Function  U(h  V  "H® 


K 

i  *=* - i 

i - ^ - 

- ^ - 

m-i 

■•I 

■  -7 

m  -• 

m  -a 

«-s 

7 

■■3 

•  -5 

mrnt 

« JO 
100 

MOO 

VM 

3,496 

10,770 

9.193 

18,745 

27.253 

39.813 

1.586 

6w310 

1 J220 
5J91 

1,749 

M54 

2J00 

7,630 

1,005 

4J30 

0,441 

2J65 

0,265 

2,203 

0,337 

IJ45 
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the  function  M!L  -.) 

for  a)  60  *  i.5o#  b)  e  -  2.00 

for  the  same  A  and  m. 

P 

The  calculations  (and  program 
compilation)  were  performed  by 
A.  V.  Abramova  of  the  computer 

center  of  Leningrad  State  Univer- 

sity. 

Curves  of  the  functions  tf(8,  >.„  «).i0 

and  Mk  A„  «)-lo  are  shown  in  Figures 
1  and  2. 


,  *  1  Would  llke  to  thank  Profes¬ 

sor  L.  M.  Kachanov  for  his  guid¬ 
ance.' 


Figure  1 
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EFFECT  OF  PRELIMINARY  PLASTIC  DEFORMATION 
ON  THE  YIELD  LIMIT  OF  ST.  45  STEEL 


A.  I.  Chistyakov 


Tubular  specimens  were  prepared  from  55-mm-diameter  annealed 
rods.  A  plane  stress  state  at  points  of  the  specimen  cross  section 
was  created  by  simultaneous  application  of  an  axial  force  and  inter¬ 
nal  pressure.  The  axial  force  was  measured  to  within  +  lit,  the 

2 

Internal  pressure  to  within  1  kg/cm  . 

The  longitudinal  and  transverse  deformations  of  the  specimen 
wer?-  neasured  by  wire  resistance  pickups  with  base  length  24  mm 
and  t 'idge  amplifiers.  In  order  to  account  for  the  possible  slight 
eccentricity  in  the  specimen  installation, the  longitudinal  gages 
were  mounted  along  two  opposite  generators. 

§  1.  Yield  Limit  for  Simple  Stress 

To  construct  the-  yield  limit,  we  tested  nine  specimens  using 
the  following  stress  paths  a  «  0,  15,  30,  45,  60,  75,  90°,  and  in 
order  to  determine  more  precisely  the  yield  point  asQ  for  the  St.  45 
steel  three  specimens  were  tested  with  a  =  90°. 
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As  is  known,  under  simultaneous  application  of  the  axial  force 
P  and  the  internal  pressure  p  ,  the  effective  stresses  are  determined 
from  the  formulas 


p  ,  _  «** 
at—-LfrP~i]r- 


(1) 


Since  small  elasto-plastic  deformations  are  considered,  the  effective 
stresses  will  be  close  to  the  true  stresses. 


The  loading  path  in  the  (o^,  aQ)  plane  is  defined  by  the 
expression 


tg«=s. 


(2) 


Substituting  into  this  equality  the  expressions  (.1)  for 
Oq  and  crz,we  obtain  the  dependence  of  P  on  p 

P-p^-[nD+(n-l)d\.  (3) 

To  determine  the  yield  point  we  plotted  the  curves  °i  =  f  (e.^),  where 


i = (e>  ~  e*f  — "f"  [.er  ~  e»)*  • 


C4) 


The  deformation  e  in  the  elastic  region  was  found  from  the  formula 


*r=-r^K+*;). 


(5) 


and  in  the  plastic  region  from 


C6) 


The  relative  permanent  elongation  0.2%  at  the  effective  yield  limit 


for  p  =  0.27  corresponds  to  the  intensity  e 


is 


Q.17£.  Prom  the 


value  of  e^g,we  find  the  values  of  the  stress  intensity  o^s  and  in 
Figure  1  we  plot  the  Mlses  ellipse  in  the  relative  coordinates 

;  ~  >  where  osQ  =  3100  kg/cm2  is  defined  as  the  average  value 
for  the  three  specimens  with  deviation  from  the  mean  of  +  1.5%. 
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ft  8 


I 


We  can  also  plot  the  yield 

limit  on  the  Il’yushin  plane  if 

we  use  the  transformation  to  the 

new  variables  o.  and  o  on  the  basis 
1  2 

of  the  formulas 


S-V'sv 

Ta*+# 


Figure  1 


then  me  have  from  C71 


In  so  doing  the  Mises  ellipse  will 
be  transformed  into  a  circle 
with  the  same  center. 

If  we  denote 

J  •* 

=  (8) 

•m’V  **  ’ 


-(£•£) 


Figure  2 
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The  yield  Unit  on  the  Il'yushln  plane  is  plotted  in  this  same 
figure . 


For  an  isotropic  material  the  yield  curve  must  be  a  circle  on 
the  Il'yushln  plane. 

In  our  case  the  curve  in  Figure  1  differs  somewhat  from  a 
circle  in  the  direction  of  the  axis.  This  can  apparently  be 
explained  by  the  fact  that  the  specimen  material  has  a.  lower  yield 
limit  in  the  transverse  direction  than  in  the  longitudinal  direction. 

§  2.  Yield  Limit  for  Compound  Loading 

Six  specimens  of  a  given  lot  were  loaded  to  =  •1-*70sq  in  the 
direction  a  =  45°  and  then  were  unloaded  along  the  same  path.  After 
unloading  the  specimen  dimensions  were  measured  and  each  specimen 
was  again  loaded  along  a  given  direction. 

The  following  directions  were  used  for  the  second  loading  in  the 
experiment:  a  =  35,  40,  45,50,55,60°.  From  the  test  data,Vwe  found 
the  yield  points  and  plotted  the  yield  curve  in  the  relative 
coordinates  (.Figure  2) 


Figure  2  also  shows  the  yield  curve  on  the  Il'yushln  plane,  which 
indicates  that  the  yield  limit  is  shifted  in  the  direction  coin¬ 
ciding  with  the  direction  of  the  preliminary  plastic  deformation  and 
does  not  have  angular  points. 

The  shape  of  the  yield  limit  for  the  plane  stress  state  is 
,  Independent  of  the  loading  direction  and  is  a  circle  in  the  Il'yushln 
plane . 

,  In  conclusion, the  auther  wishes  to  thank  Docent  G.  B.  Talypov 

for  guidance  in  setting  up  the  experiments. 


i 
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PHOTOELASTIC  STUDY  OP  THE  EFFECT  OF  BOTTOM  SHAPE  ON 
THE  STRESS  STATE  OF  THICK-WALL  VESSELS 

T.D.  Maksutova 

The  present  article  is  an  extension  of  the  description  of  the  re¬ 
sults  of  an  optical  polarization  study  of  thick-wall  cylindrical  ves¬ 
sels.  The  purpose  of  the  study  is  to  obtain  the  most  complete  possi¬ 
ble  description  of  the  stress  state  as  a  function  of  the  values  of  the 
parameters  characterizing  the  vessel  geometry. 


Table  1. 


Models 

Rl/R0 

t 

h 

P0 

P1 

Model  1  .  .  .  . 

2 

1 

1 

0.167 

0 

Model  2  ...  . 

2 

1 

1 

0.167 

1.167 

Model  3  •  •  •  • 

2 

1 

1 

1 

2 

In  a  preceding  study}  we  examined  the  effect  of  the  cylinder  outer/ 
inner  radii  ratio  R^/Rq  on  the  stress  state  of  a  thick-wall  vessel 
with  flat  bottom  and  constant  wall  thickness.  In  the  present  article, 
we  use  the  example  of  a  cylindrical  vessel  with  ratio  R-^/Rq  equal  to 
two  to  examine  the  effect  of  the  geometry  of  the  region  where  the  ves¬ 
sel  wall  joins  the  bottom,  and  the  shape  of  the  bottom  on  the  stress 
state.  To  clarify  the  posed  question,  we  consider  three  vessel  geome¬ 
tries  (figure  1,  Table  1).  The  quantities  which  characterize  the  ves¬ 
sel  geometry  are  given  in  dimensionless  form,  and  wo  take  as  the  char¬ 
acteristic  dimension,  just  as  in  the  preceding  article,  the  magnitude 

TFootnoteT"!  See  page  225-) 
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Rq  of  the  cylinder  inner  radius.  Consequently,  the  stress  state  of 
the  vessels  is  described  in  the  dimensionless  variables  p  *  r/RQ, 

C  =  z/Rg,  and  the  vessel  geometry  is  characterized  by  the  dimension¬ 
less  quantities:  bottom  height  (h),  wall  thickness  (t),  inner  (Pq) 
and  outer  (p^  bond  radii. 


Figure  1.  Geometry  of  vessels  with  different  bottom  shap^. 

As  the  basic  version  (Figure  la),  we  considered  the  model  with 
flat  bottom,  small  inner  bond  radius  (pQ  =  0.167)  and  outer  square 
cornei'  (p1  *  0).  As  the  second  characteristic  case  (Figure  lc),  we 
studied  the  stress  state  of  a  vessel  with  hemispherical  bottom 
(pQ  *  1;  p^  *  2).  The  vessel  with  a  flat  bottom,  small  inner  bond 
radius  pQ  =  0.167)  and  outer  corner  cut  at  the  radius  ( p^  =  pQ  +  t) 
is  an  intermediate  version  (Figure  lb). 


f 


In  models  1  and  2,  the  distribution  of  the  stress  state  components 
in  the  bottom  and  a  portion  of  the  adjacent  transition  region  is  deter¬ 
mined  along  the  lines  p  =  const,  parallel  to  the  vessel  axis  of 


symmetry.  To  calculate  a  in  this  region,  we  use  the  second  equili- 

z 

brium  equation  in  cylindrical  coordinates,  which  leads  to  the  familiar 


formula 


2 


(1) 


As  usual,  9izr/3r  is  calculated  from  the  corresponding  values  in  two 

auxiliary  sections,  t  are  the  values  of  the  tangential  stress  at 

zr 

the  points  of  the  basic  section  being  considered,  and  r,  the  distance 


[Footnote  2.  See  page  225  • 
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from  the  axis  of  symmetry,  is  a  constant  along  the  entire  path  of  in¬ 
tegration.  The  normal  stress  a  at  points  of  the  axis  of  symmetry 
cannot  be  calculated  directly  from  (1),  since  along  this  line  r  =  0  and 
Tzr  =  °*  Ther,e:fore>  we  must  first  eliminate  the  indeterminancy, 
which  leads  in  final  form  to  the  following  expression 


(2) 


This,  to  determine  a  in  the  bottom  and  in  the  adjacent  portion  of  the 

z 

transition  region  we  need  only  have  available  data  obtained  on  the 
basis  of  measurements  of  the  optical  quantities  in  the  radial  section 
PC  whose  middle  plane  coincides  with  the  vessel  plane  of  symmetry. 


To  calculate  ar  in  the  vessel  wall  and  in  the  portion  of  the 
transition  region  directly  adjacent  to  it,  it  is  natural  to  use  the 
first  equilibrium  equation  in  cylindrical  coordinates.  In  this  case, 
we  have 


The  calculation  of  or  using  (3)  requires  that  we  have  data  along 
two  mutually  perpendicular  planes  —  along  the  lines  C  *  const  in  the 
radial  plane  and  along  the  radius  in  the  corresponding  piano  C  =  const. 

In  calculating  both  a  and  o  ,  the  origin  for  the  integration  path 
was  selected  at  points  on  the  free  surface  of  the  model,  so  that  as  a 
result  of  the  calculations  we  determined  the  value  of  the  correspond¬ 
ing  component  of  the  stress  state  normal  to  the  inner  loaded  surface, 
and  at  the  end  of  the  integration  path  nominally  equal  to  the  magni¬ 
tude  of  the  internal  pressure.  Naturally,  for  different  sections 
,( P  =  const  or  c  s  const)  we  obtain  different,  but  only  slightly  dif¬ 
fering  t values  of  the  stress  state;  component  normal  to  the  surface. 

The  resultant  of  the  tangent!  -.1  stresses  ,  acting  on  a  cylin- 
drical  surface  of  radius  p  isolatd  from  the  bottom  is  equilibrated 
by  tne  resultant  of  the  internal  pressure  p.  On  the  basis  of  the 
corresponding  area,  2itpT2r  equaxS  Trp2p  ,  where  T  is  the  area  of  the 


21 4 
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corresponding  tangential  stress  diagram.  Since  the  quantities  T  are 

z  r 

determined  from  experimental  data,  this  equilibrium  condition  is  not 
satisfied  exactly.  Consequently,  the  quantities  calculated  for 
different  cylindrical  elements  of  radii  p.  differ  somewhat  from  one 
another:  p^  =  2fzr/Pi. 

In  reducing  the  experimental  data,  it  was  found  to  be  advisable  to 
determine  the  magnitude  of  the  internal  pressure  as  the  average  of  all 
the  values  o_  and  or  determined  by  integration  at  the  points  of  the 
inner  surface  of  the  model  and  the  p*,  calculated  from  the  resultant 
of  the  tangential  stresses  in  the  bottom 

•'+?*' 

*av*  1+7+5:  “ 

In  this  case,  the  optical  activity  coefficient  C  is  calculated 
from  the  formula  C  =  p„/dp,  where  p  is  the  internal  pressure  acting 

»V 

on  the  vessel  model, measured  by  a  manometer. 

The  deviations  of  Aor  and  Aoz  of  or  and  oz  at  the  points  of  the 
inner  surface  of  the  model  from  the  value  p&y  and  the  deviations 
(Afzr)  of  the  resultant  tangential  stresses  Tzr  in  the  bottom  from 
the  corresponding  values  p  p/2  define  the  accuracy  with  which  the 
experimental  study  is  carried  out  (Table  2). 

Analysis  of  the  results  obtained  from  all  three  models  showed 
that  the  average  error  in  the  determination  of  the  stresses  normal  to 
the  inner  surface,  calculated  by  integration,  is  2.8$  with  a  maximal 
deviation  from  the  average  value  of  9.3*-  The  error  in  the  determin¬ 
ation  of  the  principal  vector  of  the  tangential  stresses  in  the  bottom 
is  2.9$  with  a  maximal  deviation  of  9*. 

It  is  natural  to  describe  the  stress  state  of  the  hemispherical 
bottom  of  model  3  in  the  polar  coordinates  p,  ip,  0,  and  that  of  the 
wall  in  cylindrical  coordinates  p,  C,  9.  Within  the  limits  of  the 
bottom,  the  stress  state  components  were  determined  along  the  axis 
of  symmetry  (<J>  =  l80°)  and  along  the  line  where  the  bottom  joins  the 
cylindrical  wall  o.  the  vessel  (ij>  =  90°,  the  boundary  of  the  transition 
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Table  2. 


Deviation 

Average 


Models 

L°r\ 

A5z 

Ao 

zr 

-  o 

> 

p 

*av 

av 

p 

*av 

av 

?av  2 

Maximal 

A°z 


Model  1 
Model  2 
Model  3 


13 

4-7 

?3 

4-13 

13 

4-8 


3.2 

2.7 

+3.8 

+13 

1-6 

«  — 6 

-1.4 

—7,0 

4 

3,1 

+4J 

+03 

1—6 

m  —  6 

—3.7 

—93 

43* 
f— 4 

— 

+13  . 
—4,1 

tl? 

1 

P 

2 


+8.0 

-4.8 


*  For  model  3  data  were  taken  for  the  stress 
normal  to  the  inner  surface  of  the  spherical 
bottom. 


region),  and  also  along  rays  for  which  equals  150°  and  120°.  The 
distribution  of  was  found  by  integrating  the  first  equilibrium 
equation  in  the  rectangular  coordinate  system  xu  jc,,  ■*,(»/•— V  5  °»=9xp. 

since  there  is  no  obvious  advantage  in  calculating  or  by  graphical 
integration  of  the  corresponding  equilibrium  equation  in  polar  coor¬ 
dinates.  In  order  to  obtain  all  the  required  data,  it  was  necessary 
to  perform  measurements  in  two  mutually  perpendicular  planes  -  the 
radial  plane  and  that  corresponding  to  the  section  ^  =  const.  The 
pieces  and  sections  cut  from  the  model  were  marked  off  using  a  large 
tooling  microscope,  which  made  it  possible  to  ensure  the  required 
precision  in  performing  this  operation.  Just  as  in  the  case  of 
models  1  and  2,  the  optical  activity  coefficient  C  was  determined 
from  the  formula  C  =  p  /dp,  and  the  experimentally  determined  value 
of  the  internal  pressure  p  was  calculated  as  the  average  value  of 
all  the  quantities  determined  by  integration  at  the  points  of  the 

inner  surface  of  the  bottom  and  wall:  p  =  §51/n  . 

av  r 


The  patterns  of  the  principal  stress  trajectories  and  the  distri¬ 
bution  of  their  differences  in  the  p£  plane  (Figures  2  and  3)  yield  a 
good  intuitive  feel  for  the  effect  of  the  bottom  shape  and  the  shape 
of  the  region  where  the  bottom  joins  the  wall  on  the  stress  state  in 
the  vessel. 
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'Figure  2.  Principal  stress  trajectories  in  the  p£  plane: 

1)  trajectories  S.  of  the  principal  stress  o',;  2)  trajec¬ 
tories  Sp  of  the  principal  stress  a'2;  a-model  1;  b-model  2; 
c -model  3. 

.  The  trajectories  of  the  principal  stresses  in  the  p£  plane  (Pigure 
2)  were  plotted  from  the  corresponding  isocline  patterns  for  each 
model.  Comparison  of  the  isostatic  curves  of  the  three  models  shows 
that  the  nature  of  the  stress  state  for  models  1  and  2  is  the  same  in 
the  Dottom,  the  wall  and  the  portion  of  the  transition  region  adja¬ 
cent  to  the  inner  loaded  surface  of  the  models.  The  stresses  in  the 
vessel  with  hemispherical  bottom  were  distributed  more  uniformly  than 
in  the  vessels  with  flat  bottom  and  small  inner  b^nd  radius,  for  which 
a  marked  crowding  of  the  trajectories  is  observed  near  the  inner 

surface  of  the  region  where  the  bottom  and  wall  join,  which  indicates 
a  significant  local  concentration  of  this  stress.  However,  the 
trajectories  in  model  3  within  the  limits  of  the  hemispherical  bottom 
are  nearly  concentric  circles,  while  the  o'2  trajectories  lie  nearly 
in  the  radial  directions. 

« 

On  the  basis  of  the  experimental  data  obtained  on  models  1  and  2, 
in  Pigure  3  we  have  plotted  the  lines  Srz/p  =  const  in  the  bottom  and 
.  the  portion  of  the  region  where  the  bottom  joins  the  wall  directly 

adjacent  to  the  inner  surface  of  the  models,  and  we  have  shown  the 
.  distribution  of  fipz/p  along  the  axis  of  symmetry,  along  the  generator 

P  3  1  -  Pq  and  along  the  outer  and  inner  surfaces  of  the  bottom  clo¬ 
sure.  The  lines  6__/p  =  const  within  the  limits  of  the  bottom  are 

r  ct 
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Figure  3.  Distribution  of  -  0'2/p,  characterized  by  the 
lines  o ' x  —  o'2/p  =  const  in  the  PC  plane,  by  values  at  points 
of  the  inner  and  outer  surfaces  and  by  values  at  several  sec¬ 
tions  p  =  const  and  5  =  const. 

•  -  model  1 
x  —  model  2 
o  —  model  3 

g  -  common  data  for  two  (bottom)  or  three  (wall)  models 

drawn  through  points  plotted  in  the  PC  plane  and  taken  from  the  curves 

*  <5  /p  constructed  for  models  1  and  2  in  the  various  sections  p  =  const. 

P  z  r 

In  those  sections  p  =  const  (or  5  =  const)  in  which  experimental  data 
were  obtained  on  both  models,  the  curves  <5rz  =  5rz(p)  or  ^rz  =  ^rz^ 
were  plotted  on  the  basis  of  these  combined  data  and  then  we  determined 
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from  these  curves  the  coordinates  of  the  points  with  the  corresponding 
values  of  6rz/p.  The  experimental  data  on  the  distribution  of  the 
stress  state  components  «„  V*  in  the  bottom  and  the  transition  region 
of  models  1  and  2  were  processed  similarly  (Figures  ^-7).  The  results 
presented  in  these  figures,  and  also  the  curves  of  the  stress  distri¬ 
bution  constructed  for  several  sections  of  the  transition  region  and 
along  its  inner  surface,  show  that  for  the  vessel  models  with  a  flat 
bottom  the  distribution  of  all  the  stress  state  components  within  the 
limits  of  the  bottom  and  the  portion  of  the  transition  region  adjacent 
to  the  inner  surface  is  practically  the  same.  However,  the  portions 
of  the  transition  region  adjacent  to  the  outer  unloaded  surfaces  have 
stress  state,  component  distributions  which  differ  significantly  from 
one  another,  though  the  stresses  themselves  are  very  low  in  magnitude 
in  these  regions. 

Figures  8a  and  8c,  respectively,  show  the  general  patterns 
of  the  distribution  of  or/p  and  °g/p  in  the  model  with 
hemispherical  bottom,  while  Figure  8b  shows  the  general  pattern  of  the 
oT/p  distribution,  where  oT  within  the  limits  of  the  hemispherical 
bottom  coincides  with  (polar  coordinate  system)  while  within  the 
limits  of  the  wall  it  coincides  with  o  (cylindrical  coordinate  system). 
Obviously,  the  distribution  of  the  stress  state  components  in  tne 
hemispherical  bottom  of  model  3  differs  considerably  from  that  of  the 
corresponding  components  in  the  bottom  and  the  transition  region  of 
both  models  1  and  2.  Thus,  the  stress  state  in  the  hemispherical 
bottom  is  characterized  by  the  fact  that  the  normal  stresses  ar.d 
o g  are  tensile  and  do  not  change  sign  through  the  thickness,  while  in 
the  models  with  a  flat  bottom  there  are  regions  of  significant  com¬ 
pressive  normal  stresses  and  Og  near  the  inner  surface,  which 
transition  into  tensile  stresses  only  at  the  boundary  where  the  bottom 
Joins  the  wall.  Also,  op  and  o0  are  positive  in  a  quite  broad  region 
of  the  bottom  near  the  free  surface.  Finally,  there  are  no  marked 
normal  stress  concentrations  at  points  of  the  inner  surface  of  the 
model  with  hemispherical  bottom.  Conversely,  at  the  points  of  the 
transition  region  on  the  inner  surface  of  the  model  with  a  flat  bottom 
there  is  a  high  concentration  of  all  the  stress  state  components. 
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Figure  4.  Distribution  of  c  / p,  characterized  by  the  lines 
or/p  *  const  ir:  the  p?  plane,  by  values  at  points  of  the 
inner  and  outer  surfaces  and  values  in  several  sections 
p  *  const  and  c  =  const . 

Notations  same  as  in  Figure  3. 

There  are  two  possibilities  for  comparing  the  stress  states  in 
the  walls  of  the  three  models  under  consideration:  either  align  the 
boundaries  of  the  transition  regions  of  models  1  and  2  with  the 
section  C  =  2  of  model  j  (Figure  9a),  or  align  the  points  C  =  0  of 
the  three  models  and  consider  the  beginning  of  the  wall  to  be  the 
section  C  =  2,  corresponding  to  the  plane  along  which  the  hemispheri¬ 
cal  bottom  Joins  the  cylindrical  wall  of  model  3  (Figure  9b) .  In  the 
latter  case,  within  the  limits  of  the  bottom  for  the  first  two  models 
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Figure  5.  Distribution  of  a  / p,  characterized  by  the 

lines  az/p »  Const  in  the  pc  plane,  by  valwes  at  points  of  the 
inner  and  outer  surfaces  and  values  at  several  sections 
p  =  const  and  c  =  const. 

Notations  same  as  in  Figure  3. 

there  is  included  not  only  the  bottom  Itself  and  the  transition  region, 
but  also  a  portion  of  the  cylindrical  wall. 

In  constructing  the  general  patterns  of  the  stress  state  compo¬ 
nent  distribution  in  the  vessel  wall  we  selected  the  first  version 
for  comparison  of  the  data  obtained  for  the  three  vei sions  of  vessel 
bottom  geometry.  Namely,  we  aligned  the  sections  C  =  1.167  of  the 
first  two  models  with  the  section  c  =  2  of  model  3,  and  this  plane 
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Figure  6.  Distribution  of  a Q/p,  characterized  by  the  lines  ag/p 
constin  the-pC  plane,  by  values  at  points  of  the  inner  and 
outer  surfaces  and  values  at  several  sections  p  =  const 
and  £  =  const. 

Notations  same  as  in  Figure  3- 


n 

was  taken  as  the  origin  for  measuring  the  axial  coordinates  t,  in  the 
vessel  wall.  From  the  values  of  the  stress  state  components  calculated 
in  section  5*=const  (common  for  the  three  models)  we  plotted  curves  of 
the  variation  of  the  corresponding  stresses  along  the  radius. 

The  exnerimental  data  shown  in  Figures  4-7  show  clearly  that  the 
distributions  of  all  the  stress  state  components  for  models  1  and  2 
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in  the  wall  are  also  practically  identical. 


For  C  ]>0.8;  the  experimental  values  of  or  obtained  for  model 
3  fall  on  the  curve  which  is  common  for  models  1  and  2,  which  in  turn 
differs  little  from  the  distribution  curve  for  or  given  by  the  Lam£ 
solution . 

The  values  of  Oq  obtained  experimentally  in  the  sections  of  model 
3  lie  on  curves  which  are  common  for  models  1  and  2  for  C*  >_  1.8. 
Agreement  of  the  experimental  values  with  those  calculated  following 
Lam£  is  observed  only  for  C*  >  2.8.  Here  the  experimental  data  sys¬ 
tematically  exceed  the  theoretical  data  near  the  free  surface^ .  These 
deviations  at  individual  points  do  not  exceed  0„2p  or  21$  of  the 
theoretical  values  at  the  same  points,  with  the  average  deviation  cf 

3-  _  from  a-  .  .  being  nf  the  order  of  4$. 
o  e*p  o  uame  e 


(.Footnote  J~.  See  page  225  . ) 
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Figure  8.  Distribution  of  stress  state  components  in  hemi¬ 
spherical  bottom  and  the  portion  of  the  wall  directly  adja¬ 
cent  to  the  bottom  for  model  3- 

a)  ar/p;  b)  aT/p,  c)  a0/p 

'  Analysis  of  the  distributions  of 
.  a  ,  the  smallest  of  the  three  normal 

f  b  Z 

stresses,  obtained  in  the  vessel  wall 
leads  to  the  following  conclusions: 
first,  the  experimental  data  obtained 
on  model  3  lie  on  the  curves  which  are 

*  ==» - -f  - - -p 

/  «  j  '  common  for  models  1  and  2  for  C*  >  0.8; 

Si  Si  / 

j  /■  second,  the  distribution  of  a  through 

—  S  the  thickness  of  the  wall  is  nearly 

Figure  9-  Two  model  comparison  linear;  and  third,  equllization  of  o 


versions . 


across  the  section  r*  =  const  takes 


place  extremely  slowly  and  for  x*  =  2.8  the  distribution  of  a still 

Cl 

differs  significantly  from  the  uniform  distribution  required  by  the 

theoretical  Lame  solution  (for  p  =  l,a  =  Q.l6p;  for  p  =  2, a  =  0.48p) 

z  z 
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FOOTNOTES 


ii-4.T.!D^Mak?.utova*  Photoelastic  study  of  thick-wall  vessels  with 
flat  bottom.  Studies  in  Elasticity  and  Plasticity,  vol  3  Press  of 
Leningrad  State  University,  1964.  (see  page  212)  Y  f 

2.  Here  and  hereafter  we  use  the  previously  introduced  notations 

£•  ’""S' 

S^tion  ^.mater^1  °ptlcal  activity  coefficient ;  d  is  the  reduced 

“™^he^orIS?asangentlal  stres3es  ln  the  «  «1- 

_____ ... 

llhere  *rz  18  the  an8le  formed  by  the  (algebraically  greater  in  the 
section  plane)  principal  stress  o'x  with  the  positive  direction  of 
the  radius,  and  $zr  is  the  angle  between  and  the  positive  direc¬ 
tion  of  the  z(?)  axis,  (see  page  213) 

3^  This  is  easily  explained  by  the  neglected  initial  path  difference 
4P0  “  0,  which  develops  during  polymerization  of  the  cylindrical 
blanks,  distributed  nonuniformly  across  the  section  and  not 
completely  eliminated  by  annealing  (6°Q  =  o  at  points  of  the  axis  of 

symmetry  and  distributed  parabolically  along  the  radius). 

(see  page  223) 


FTD-HC-23-361-69 


CALCULATING  THE  LOAD-CARRYING  CAPACITY  OP 
IDEALLY  PLASTIC  AXISYMMETRIC  SHELLS 

V.I.  Rozenblyum 


The  yield  condition  expressed  in  terms  of  forces  and  moments 
("finite  relation")  is  of  fundamental  importance  in  the  theory  of 
limit  equilibrium  of  ideally  plastic  shells.  At  the  present  time 
these  finite  relations  have  been  formulated  for  the  cases  of  the  Mises 
medium  [1-4]  and  for  the  Tresca-Saint  Venant  medium  [5,6],  and  also 
for  certain  other  types  of  plastic  media  [73  * 1  These  finite  relations 
(within  the  framework  of  the  usual  hypotheses  of  thin  shell  theory 
they  may  be  considered  as  exact  relations)  have  a  very  complex  struc¬ 
ture.  In  this  connection  considerable  attention  has  also  been  devoted 
to  the  question  of  the  approximation  of  these  exact  yield  conditions 
by  means  of  relatively  simple  surfaces  which  are  more  convenient  for 

application.  The  greatest  simplicity  is  achieved  if  we  take  the 

2 

yield  surfaces  in  the  form  of  polygons  ,  for  example, 


max  I!/, I.  |/,|.  |/i-/*|,  |*,|.  |«,l. 


where 


(0.1) 


1  “  no, ’  ™ 

and  so  on,are  dimensionless  forces  and  moments;  h  is  the  shell  thick¬ 
ness,  os  is  the  tensile  yield  limit. 


The  piecewise  linear  yield  condition  in  the  form  (0.1)  has  been 
widely  used  in  many  particular  problems  [8,  9,  and  others]  .  However, 
the  *  _,ults  obtained  and  the  comparisons  made  with  certain  more  exact 


footnotes 


>ee  page  239  - ) 
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solutions[10]  suggest  that,  generally  speaking,  the  approximation  of 
the  actual  yield  surface  by  the  piecewise  linear  relation  (0.1)  is  too 
crude  and  in  many  cases  may  lead  to  unacceptable  errors.  The  reason 
for  this  is,  in  part,  that  in  the  yie'id  condition  (0.1)  we  have  ig¬ 
nored  to  a  considerable  degree  the  interaction  of  the  force  and  moment 
factors,  which  has  a  significant  effect  on  the  plastic  bahavior  (as 
follows,  for  example,  from  the  elementary  theory  of  plastic  arches). 


Under  these  conditions  the  question  arises  of  the  choice  of  a 
"compromise"  version  of  the  theory,  possibly  more  complex  in  compari¬ 
son  with  the  simplest  formulation  based  on  (0.1), but  at  the  same  time 
leading  to  a  more  realistic  description  of  the  actual  structural 
behavior. 


In  this  connection  we  consider  in  the  following  the  "quadratic" 
yield  condition  [11,  12] 

(<?— Mt +$+ (»?— *i*i+***® 1 


and  its  "semilinear"  modification 


where 


*+**=!. 


t=m»x  |M, 

fk  =  HUX  ([Mil,  | *»•(. .I**I  mi\\ 


(0.2) 


(0.3) 


The  results  presented  later  for  the  axisymmetrically  loaded  shell 
of  revolution  show  that  the  nonlinearity  present  in  (0.2)  and  (0.3) 
appears  to  make  it  possible  to  approach  more  closely  the  exact  solu¬ 
tion  than  when  using  the  piecewise  linear  condition  (0.1);  although 
the  solutions  are  somewhat  more  complex  in  this  instance,  in  many 
cases  quite  effective  solutions  may  be  obtained. 


1.  We  first  consider  the  quadratic  yield  condition  (0.2),  which 
on  the  basis  of  the  associated  flow  law  corresponds  to  the  middle 
surface  deformation  rates 


tH*'“  2  m*)' 

«,=  i(4 — £■*.), 


(1.1) 
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Bfeer*  Avse:  a  n ■  i  l»«.  ji  jjra^g>saewdE!ygjftg<w  <  ■  jgejw*JWtfM 


wnert  X  is  a  nonnegative  coefficient  of  proportionality, 
condition  (0.2)  may  be  satisfied  by  taking 

/,=~-«ta«cos^--|-j.  m,-~-cos*cos(l — g-j. 

<»=-4j*<P-COs(t+  .  "*l  =  yj  COS-COs(l  4  -f)  . 

Substitution  of  these  expressions  into  (1.1)  yields 

«,  =  •— cos-cos^  -  -y  j. 


The  yield 


(1.2) 


(1.3) 


44£» 

<<«i 


If  we  substitute  (1.2)  into  the  usual  system  of  (three)  equili¬ 
brium  equations  of  the  axisymrnetric  shell 

tJt*-,  -£s-m,-a,V*=o 

"*l  "*i 

(R-^,  R2  are  the  principal  radii  of  curvature,  ,  A2  are  the  Lame 
parameters,  a1  is  the  coordinate  corresponding  to  the  meridional  dir¬ 
ection)  and  If  we  substitute  (1.3)  Into  the  two  equations  for  defor¬ 
mation  compatibility,  then  as  a  result  we  obtain  a  system  of  five 
differential  equations  in  terms  of  the  unknown  functions  X,  u>,  \f) ,  9 
and  the  shearing  force  N1#  Generally  speaking,  the  solution  may  be 
obtained  by  numerical  methods*  However,  the  energy  approach,  which 
leads  to  two-sided  estimates  of  the  limit  load  [11],  is  far  more 
effective.  In  order  to  obtain  the  lower  estimate  we  must  construct  a 
statically  possible  force  and  moment  field  which  satisfies  the  static 
equations  (1.4),  the  static  boundary  conditions,  and  does  not  con¬ 
tradict  the  yield  condition  (0.2).  The  upper  estimate  is  found  by 
equating  the  internal  energy  dissipation  and  the  eternal  force  inten¬ 
sity  A  at  kinematically  possible  rates 


where 


r  =  j/  («i+  *i*i+  **)• 

We  note  that  by  virtue  of  the  known  inequalities 


(1.5) 


(1.6) 
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§ 


(1.7) 


ij-n<(*tf- «,*,+ mtf1  <  p 
every  statically  permissible  (or  exact)  solution  satisfying  the  semi- 
linear  yield  condition  (0.3)  is  also  statically  permissible  with  rela¬ 
tion  to  the  quadratic  condition  (0.2).  This  makes  it  possible  to  use 
for  the  construction  of  the  lower  estimates  the  simpler  condition  (0.3) 
(or  its  linearized  version  (2.6),  introduced  later). 

2.  In  using  the  semilinear  relation  (0.3)  we  must  differentiate 
the  regular  and  singular  regimes.  In  the  first  case  the  usual  asso¬ 
ciated  flow  law  yields 


(2.1) 


In  the  singular  regime  cast  (when  one  of  the  conditions:  t^  =  t2,t^  =  0, 


0,  m. 


m2  3 


m2  *  0  is  met)  the  flow  law  is  constructed 


'2-  J1 

in  the  form  of  a  suitable  linear  combination  of  the  regular  laws  in 
a  fashion  which  is  completely  analogous  to  the  corresponding  construc¬ 
tion  in  general  plasticity  theory.  For  example,  let 

Then 


■  (I  — *)  «P, 


(0<a<l). 


(2.2) 


where  the  superscripts  CL)  and  (2)  denote  the  deformation  rates  cal¬ 
culated  using  (2.1)  for  the  regular  regimes  x 
tively: 


t-^ ,  x 


t2,  respec- 


iP>=0, 
iV>=0,  JP-u* 

Combining  (2.2)  and  (2.3)  we  obtain 

Moreover,  for  y  =  m2  we  have  from  (2.1) 


(2.3) 


(2.4) 


‘s="T/*1’  ‘,_0,  (2.5) 

We  obtain  the  complete  system  of  (four)  equations  of  the  flow  law 
by  adding  to  the  three  relations  (2.4)  and  (2.5)  the  adopted  condition 
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We  note  that  in  the  case  of  singular  regimes  the  problem  of  deter¬ 
mining  the  stress  state  of  the  axisymmetric  shell  in  the  corresponding 
plastic  regions  becomes  (internally)  statically  determinate. 

To  obtain  a  statically  determinate  problem  in  the  general  case 
(which  is  important  for  obtaining  the  lower  bounds  with  the  aid  of 
statically  permissible  solutions),  we  can  use  the  following  approximate 
technique  [11].  We  replace  one  yield  condition  (0.3)  by  the  following 
two  conditions 

max (| /, |.  IM,  |/, — /*|| 
mix||«i,!.  |a,l.  t*i  — *tl!  =*,. 

(2.6) 

where  6t,  6m  are  constants  subject  to  the  conditions 

0<«,<1.  0 <».<!. 

<?+£= 1.  (2>7) 

These  constants  are  determined  in  the  final  stage  of  the  solution 
so  as  to  obtain  the  maximal  value  for  the  limit  load.  The  yield  con¬ 
ditions  (2.6)  are  analogous  in  form  to  the  classical  Tresca-Saint 
Venant  yield  condition  aid  are  formed  by  hexagons  in  the  t-^,  1 2  and 
n^,  m2  planes  (Figure  1).  We  note  that  an  analogous  technique  is 
also  possible  in  the  case  of  the  quadratic  yield  condition  (0.2),  for 
which  we  take 

m\ — m,*,  — ll  . 


Figure  1 

In  Figure  1  ellipses  inscribed  in  the  hexagons  (2.6)  correspond  to 
these  conditions. 
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Let  us  consider  some  examples  which  clarify  the  use  of  these 
techniques . 

r 

|  jtty.'.vs.j .  3.  It  is  convenient  to  make  the  com- 

‘  parison  with  other  solutions  on  the  basis 

L  » 

' ~  of  combined  bending  and  tension  of  an  an- 

Figure  2.  nular  plate  (Figure  2),  which  has  been 

studied  in  detail  by  Hodge  L9*  10].  We  shall  use  the  semilinear  yield 
condition  (0.3)  and  assume  the  plastic  regime 


p=*f 


Then  from  (0.3) 


^+*5 — 


Then  the  flow  law  (2.1)  yields 


•»=o,  *i=o. 


(3.D 


(3.2) 


(3.3) 


where 


•i=-y  .  *i—  "5pr. 

.  **—-•-* 


(3.M 


(u  and  w  are  the  radial  displacement  and  bending  deflection  rates) . 


We  obtain  the  complete  system  of  equations  by  combining  with  (3.2), 
(3.3) ,  (3.4)  the  equilibrium  equations 


Sr{ri,)-t,= 0. 


(3.5) 


(P  «  P/M  ;  P  is  the  uniform  pressure  on  the  plate)  and  the  boundary 
s 

conditions 


for  r—a 
f  or  r=b 


/i=0,  «,=0, 

<i  =  fl,i— o.  *=0. 


(3.6) 


In  spite  of  the  static  indeterminancy  of  the  problem  and  the  nonlinear¬ 
ity  of  the  yield  condition  (3.2),  the  exact  solution  in  this  case  is 
quite  elementary.  From  (3.1*)  with  account  for  the  conditions  =  0, 

*2  •’  0  we  obtain 
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(3.7) 


where  C^,  C2  are  arbitrary  constants.  Since  from  ( 3 - B)  mg/tg  “ 
hic2/4e2,as  a  result  of  (3*7)  we  obtain 

const =C. 

Solving  this  equation  together  with  (3.2)  we  immediately  obtain 


(3.8) 


=vm' 


(3.9) 


Substitution  of  these  values  into  (3*5)  and  integration  with  account 
for  the  boundary  conditions  at  r  *  a  yield 


*i  = 


I 


r—a 

'  VfTS* 

r-«  C 


r-i 


7i T'“ 


(r*  T  or  —  2 a*). 


(3.10) 


Then  the  two  remaining  boundary  conditions  at  r  *  b  serve  for 
determining  the  constant  C  and  the  limiting  relation  between  the  values 
of  the  loads  p  and  q.  The  latter  may  be  written  in  the  form 


(3.11) 


where  pQ  and  qQ  denote  the  limiting  values  of  the  pressure  and  radial 
force,  acting  separately 


A=6(ft»+<i*-2a»),  (3.12) 

(These  expressions  are  the  exact  solutions  of  the  bending  and  tension 
problems  for  a  flat  plate  under  the  Tresca-Saint  Venant  condition.) 

Figure  3  shows  the  circle  (3.11)  and  also  the  polygon  AOB  corres¬ 
ponding  to  the  analogous  solution  [9]  based  on  the  piecewise  linear 
yield  condition  (0.1).  The  difference  between  the  solutions  in  this 
case  is  quite  large,  and  the  circular  arc  AB  is  closer  to  the  exact 
solution,  which  Hodge  showed  [9]  must  lie  within  the  hatched  strip  in 
Figure  3 . 

4 .  Now  let  us  consider  a  shallow  shell  of  revolution  supported 

along  the  contour  and  loaded  axitymmetrically  by  the  normal  pressure 
P(r). 
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*,i__ _ -  The  shell  middle  surface  is  given  by  the 

equation  z  =  z(r),  where  r  is  the  distance  to 
the  axis  of  symmetry  (Figure  4). 

\  jj  Under  the  usual 

\\  _  |  assumptions  of  shallow 

Tjj  m  -~|-r ~ •  shell  theory, the  equili- 

: - - -  *  *  brium  equations  and  the 

Figure  3  Figure  4 .  expressions  for  the  de¬ 

formations  of  the  middle  surface  may  be  written  in  the  form 


Figure  4 . 


*i=o, 

-£r(rM,)-mt+-~tl  =  --!tjp(r)  rdr, 

4m 

.  •  •  1  */ 


(4.1) 


(4.2) 


— r 


■»-— 


where  the  prime  denotes  differentiation  with  respect  to  r. 


We  shall  use  the  yield  condition  (0.3)  and  consider  the  singular 
(statically  determinate)  plastic  regime  t  =  t1  =  t2,  y  =  m?  to  which 
corresponds  the  finite  relation 

(4.3) 


and  the  flow  law  (derived  in  §  2) 


*,  =  0,  ■  —  4  mt  • 


(4.4) 


Using  the  condition  =  t2  we  obtain  from  the  first  equilibrium 
equation 

*,  =  *«=c  (4.5) 


From  (4.3)  and  (4.1)  we  obtain  the  bending  moments 

=  VT-V. 


,,  -  z'rdr  -  w 


t  r 

W^drjp(r)rdr- 


(4.6) 

(4.7) 


After  transforming  the  second  term  we  integrate  by  parts  and 
noting  the  boundary  condition  m1  =  0  on  the  contour  r  =  a, we  obtain 
(for  p  *  const) 
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t-p-VT^+^-jzdr. 

If  an  external  meridional  force  *  q  is  applied  on  the  contour, the 
problem  will  be  completely  statically  determinate;  for  constant  c  we 
find  in  this  case,  in  accordance  with  (4.5),  the  value  c  =  q  and 
(4.8)  defines  the  limit  loads 

£-yr=f+4 (4.9) 


Here  pQ  =  3/2  is  the  limiting  pressure  for  the  flat  plate  case; 
denotes  the  average  shell  height 


z* 


(4.10) 


Now  let  the  kinematic  condition 

»*=#=0  (for r=a). 


(4.11) 


be  given  on  the  contour.  In  this  case,  in  order  to  complete  the 
solution  we  must  examine  the  velocity  field.  Introducing  the  values 
for  t ^ ,  m2  into  (4.4),  we  obtain 


■Sr=o. 

tm-.' 4- 


e  dm 

V'P=?'  *T 


(4.12) 


Integrating  these  equations  with  account  for  (4.11)  we  obtain 
for  velocities  u,  w  and  constant  c. 


(4.13) 


«  =  zdr+*'t 

0 


C _ .  , 


(4.14) 


where  wQ,  the  velocity  scale,  remains  arbitrary.  Introducing  (4.14) 
into  (4.8),  we  obtain  the  expression  for  the  limiting  pressure 


P 


(4.15) 


We  see  from  this  formula  that  the  limiting  pressure  on 
shell  depends  not  on  the  details  of  its  shape,  but  only  on 
height  z# .  For  the  solution  to  be  correct  ,it  is  necessary 
bending  moment  satisfy  the  condition  0  <_  <  nij.  This 


the  shallow 
the  average 
that  the 
condition 
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is  easily  verified  for  specific  classes  of  shells.  It  is  obviously 
satisfied,  for  example,  for  the  spherical  shell,  for  shells  of  the 
form  z— *°[*  — ("^)  ]  ^or  1  1  n/2  <.  (h/4z*)^)  and  in  many  other  cases. 

5.  We  shall  examine  the  construction  of  bilateral  estimates  of 
the  limiting  load  on  the  example  of  a  spherical  shell  which  is  clamped 
along  the  contour  and  subjected  to  pressure  loading  (Figure  5).  To 
obtain  the  lower  estimate, we  use  the  yield  condition  in  the  form  (2.6). 
We  assume  the  plastic  regime 

0<mt<mt.  (5.1) 


0<«i<mt.  (5. 

Then  (2.6)  provide  two  yield  conditions 

*,=*».  «i=4«-  (5.2) 

Combining  with  these  relations  the  equilibrium  equations 

■if  <#* s,n  *>  -  A cos  ? + Sj  . 

-if  <■»  ®,n  t)  -  ** cos  9  -  4  X -Sr?  *•  =  "  & 

('=$•$)' 

we  obtain  a  statically  possible  regime  which  satisfies  the  necessary 
conditions  at  the  apex  of  the  shell  (for  ♦  ■  0)  in  the  form 

... _#*  .*p.t 

*  to**f  2#  co**j  * 

*,  =  »«  +  2(2«<4-/»)S(f)>  ( 


(5.3) 


(5.4) 


where  the  notations  are 


+t)-L 


(5-5) 


The  edge  condition  m^  *  0  for  ?  *  a  yields 

+■ 5j^j. 


(5.6) 


After  determining  here  <$t,  6  from  the  condition  of  a  maximum  of  p 
with  the  additional  condition  (2.7)  and  returning  to  dimensional 
variables,  we  obtain  finally 


(5.7) 


where  P  =  2a  (h/R)  denotes  the  momentless  solution,, 

w  b 
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To  obtain  the  upper  estimate  we  specify  the  rate  field 

8=0,  W=  fp.  — 11  *  —  »I1  f 
*  Jln«  » 


to  which  correspond  the  following  deformation  rates 

•  da  .  w  Wk  iln  ■  ~  »lne 


•  dm  m,  cm* 

T“T55‘~'7r,lmT 


.  dt 

**  Rdf  to*  »ln «  ’  ** 1  Hr  '  siSi  tin  j  ’ 

Substituting  these  values  into  (1.5)  we  obtain 


»ii>t 
R*  ’  iin« 


_  m»  tod*f 


P 

7$ 


k* 

~<W* 


I-  isIniS? 
tin-  f 


r 


<in  fd. 


l 


(tin* 


»ln  f)  tin  fdf 


(5.9) 


The  results  of  calculations  using  this  formula  for  certain  values 
of  h/R  are  shown  (for  10°  <  a  <  90*)  in  Figure  6.  Also  shown  there 
are  the  corresponding  curves  constructed  using  (5.7)  (lower  estimate). 
For  small  values  of  a  (5.7)  is  in  good  agreement  with  the  exact  solu¬ 
tion  (4.15)  for  the  shallow  shell.  In  this  case  the  upper  estimate 
(5.9)  differs  from  the  solution  (5.7)  by  at  most  15 % . 


Figure  5. 
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Figure  6 . 
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the  bending  problem  for  transversely  isotropic  plates  are  examined 
in  detail.  In  this  case, the  stress  state  is  represented  as  the 
sum  of  two  qualitatively  different  stress  states:  "rotational 
and  “potential"  [2],  To  solve  the  bending  problem  we  use  asymp¬ 
totic  integration  of  differential  equations  with  a  small  parameter 
in  the  derivatives  [3,4 ]. 
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In  plate  and  shell  theory.  It  is  of  interest  to  construct  problem 
solution  methods  which  can  be  ascribed  definite  physical  relevance. 
This  Is  because  physical  considerations  are  often  useful  in  con¬ 
structing  computational  algorithms.  Moreover,  this  approach  makes 
possible  a  more  profound  and  simpler  analysis  of  the  various  assump¬ 
tions  and  simplifications.  Some  techniques  were  indicated  for  de¬ 
coupling  the  operators  of  the  differential  equations  of  shell  theory 
and  these  techniques  were  used  to  construct  solution  schemes  having 
definite  physical  relevance.  In  particular,  it  was  possible  to  re¬ 
duce  the  problem  to  the  caluclation  of  a  crossed  bar  system.  It  was 
found  that  this  sort  of  system  is  not  a  crossed  bar  system  in  the 
usual  sense.  Its  individual  bars  do  not  bend  relative  to  the  normal 
to  the  shell  middle  surface.  Their  twist  takes  place  with  a  rigid¬ 
ity  proportional  to  the  moment  of  inertial,  additional  forces  and 
moments  acting  on  the  bars  appear,  the  calculation  result  does  not 
depend  on  the  relative  width  of  the  bars  etc.  The  resulting  bar 
system  differs  in  this  aspect  from  the  conventional  crossed  bar 
system.  The  latter  sometimes  appears  in  those  studies  where  an 
attempt  is  made  to  construct  computational  schemes  not  on  the  basis 
of  the  fundamental  mathematical  formulation  of  the  problem,  but  by 
means  of  unconvincing  and  at  times  erroneous  arguments  based  on 
"engineering"  intuition. 
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Shells  which  cover  a  space  with  nonrectangular  planform  find 
application  in  the  construction  of  pavilions,  trade  centers,  and 
other  structures.  Here  the  most  efficient  shells  are  those  in 
which  the  midsurface  has  positive  Gaussian  curvature,  since  these 
shells  provide  a  stress  state  which  is  nearly  moment-free  under 
the  primary  design  loads  (dead  weight, snow) .  In  this  case  a  con¬ 
siderable  portion  of  the  shell,  with  the  exception  of  small 

regions  near  the  edge,  operates  in  uniform  compression  and  this 
permits  effective  use  of  the  material  in  reinforced  concrete 
designs.  In  the  present  paper  we  suggest  a  method  for  calculat¬ 
ing  coverings  with  nonrectangular  planform  which  differs  from 
that  of  [3].  The  Pucher  system  of  equations  is  generalized  to 
the  case  of  an  oblique  Cartesian  coordinate  system.  We  examine 
several  cases  of  the  application  of  the  resulting  equations  to 
the  analysis  of  coverings  which  have  an  arbitrary  parallelogram 
planform,  and  also  the  questions  of  direct  determination  of  the 
tangential  forces  at  the  shell  corners. 
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The  problem  of  torsion  of  an  elastic  bar  of  constant  cross 
section  in  the  classicial  formulation,  i.e.,  under  the  assumption 
that  the  deformations  are  small  and  the  material  obeys  the  genera¬ 
lized  Hooke's  law,  is  known  to  reduce  to  the  determination  of  a 
stress  function  which  satisfies  in  the  region  of  the  cross  section 
a  second-order  linear  equation  and  takes  a  constant  value  on  the 
contour.  For  a  homogeneous  bar  this  equation  has  constant  coeffi¬ 
cients  which  depend  on  the  modulus  of  elasticity.  However,  if  the 
Elastic  moduli  are  continuous  functions  of  the  coordinates  we 
obtain  for  the  stress  function  a  second-order  differential  equa¬ 
tion  with  variable  coefficients,  and  the  question  of  finding  an 
effective  solution  for  the  torsion  problem  becomes  much  more  com¬ 
plex.  It  appears  that  this  problem  has  been  solved  only  for  a 
bar  in  the  form  of  a  solid  or  hollow  circular  cylinder  having 
cylindrical  anisotropy,  with  elastic  moduli  which  are  constant  along 
the  length.  In  the  present  article  we  consider  several  cases  of 
bars  with  variable  moduli  for  which  an  effective  solution  of  the 
corsion  problem  may  be  obtained  elementarily,  using  the  same 
methods  used  in  solving  the  corresponding  problems  for  the  homo¬ 
geneous  isotropic  bar. 
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We  consider  thin  circular  cylindrical  shells  of  radius  R  and 
a  semi-infinite  flat  plate  under  the  influence  of  a  moving 
heat  source.  The  temperature  is  distributed  linearly  through 
the  thickness  of  the  shells  and  plate. 
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The  asymptotic  method  for  integrating  equations  with  small  para¬ 
meters  in  the  higher  derivatives  is  employed  to  integrate  the 
system  of  equations  of  small  axisymmetric  vibrations  of  a  thin 
elastic  shell  of  revolution.  In  some  frequency  range  the  resol¬ 
vent  equation  has  a  reversal  point.  In  this  article  we  consider 
the  case  in  which  the  coefficient  of  the  second  derivative  in  the 
resolvent  has  a  simple  root  (simple  reversal  point),  and  we  find 
the  Stokes  multipliers  relating  the  integrals  of  the  resolvent  to 
the  right  and  left  of  the  reversal  point.  Moreover,  the  integrals 
in  the  immediate  vicinity  of  the  reversal  point  are  calculated. 

As  an  example,  we  examine  the  problem  of  the  natural  vibration 
frequencies  of  a  shell  with  clamped  edges.  The  present  article 
is  an  extension  of  the  study  initiated  by  Alumyae  for  a  conical 
shell. 
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Is  known  that  the  general  solution  of  the  system  of  equations 
at  free  axisymmetri-'  vibrations  of  a  thin  elastic  shell  of  revo¬ 
lution  is  made  up  of  two  integrals  of  the  momentless  equations 
fiifl  four  integrals  with  a  large  variability  Index.  The  asympto¬ 
tic  expressions  for  ties'*  four  integrals  may  be  found  easily  In 
Intervals  which  do  not  contain  either  so-called  reversal  points 
or  singular  points  of  the  shell  vibration  equations.  The  beha¬ 
vior  of  the  integrals  in  the  vicinity  of  a  simple  reversal  point 
is  examined.  The  equations  for  the  vibrations  of  a  shell  in  the 
font  of  a  done  have  a  regular  singular  point  at  the  shell  apex, 
la  the  present  study,  we  construct  the  regular  Integrals  with 
Large  variability  index  at  the  dome  apex,  and  find  their  asymp¬ 
totic  expressions  far  from  the  apex  of  the  dome.  We  need  to  know 
these  integrals  in  order  to  determine  the  natural  vibration  fre¬ 
quency  of  the  dome. 
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This  article  presents  a  unified  method  for  determining  the 
stresses  near  a  small  central  opening  in  shells  of  revolution 
subjected  to  symmetric  and  antisymmetric  loads.  Primary  emphasis 
is  placed  on  reducing  the  solution  to  a  form  convenient  for 
practical  application.  In  particular,  the  edge  stiffness  coeffi¬ 
cients  are  obtained.  In  most  studies  on  this  question  symmetric 
deformation  of  a  shallow  shell  is  examined.  In  contrast  to 
these  studies,  the  proposed  method  contains  a  simplification 
involving  replacement  of  sin  0  by  6  only  in  the  equation  coeffi¬ 
cients.  The  trigonometric  multipliers  are  retained  in  the 
expressions  for  the  stresses  and  displacements.  Comparison  of  the 
resulting  solution  with  a  specially  constructed  more  exact  solu¬ 
tion  has  shown  its  acceptability  for  a  wide  range  of  values  of 
a  given  angle;  corresponding  to  the  edge  of  the  opening  in  the 
shell.  The  region  of  values  of  the  basic  parameters  in  which 
the  suggested  Bessel  solution  may  be  replaced  by  the  much  simpler 
familiar  Geckeler  solution.  Is  determined.,  A  brief  review  of  the 
studies  lenown  to  the  author  is  presented. 
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This  article  presents  the  results  of  a  study  using  photoelastic 
and  photocreep  methods  of  stress  concentration  in  the  T-shaped 
heads  of  turbine  blades  with  relative  dimensions  given.  The 
study  was  made  by  the  Optical  Laboratory  of  the  Scientific  Research 
Institute  of  Mathematics  and  Mechanics  of  Leningrad  State  University 
for  .the  "22-nd  Session  of  the  CPSU"  Leningrad  Metals  Plant.  The  study 
was  made  using  two-dimensional  models  subjected  to  a  constant  ex¬ 
ternal  load  simulating  the  blade  centrifugal  force.  The  models  were 
fabricated  using  metal  templates  with  relative  dimensions. 
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The  problem  of  L£Lnding  the  natural  frequencies  of  the  ] ongitudinal 
vifcrajipns  of  a  bar,  one  end  of.  which  is  clamped  while”  the  other 
carries  An  absolutely  rigid  weight,  leads  to  finding  a  given  value 
for  which  a  gi&ten  equation  has  a  nonzero  solution,  under  given 
boundary  conditions.  Here  gamma  is  the  bar  material  density;  1  is 
the  bar  length;  S(x)  is  the  cross  section  area;  E  is  the  modulus 
of  elasticity;  M  is. the  mass  of  the  bar.  For  estimating  the  upper 
limit  of  the  first  (fundamental)  vibration  frequency,  we  have  the 
simple  but  in  many  cases  adequately  precise  Rayleigh  formula,  vh'ich 

for  the  mode  corresponding  to  a  static  load  is  a  given  equation. 

It  is  desirable  to  have  an  equally  simple  formula  for  estimating 
the  Tower  limit  of  the  fundamental  frequency,  as  this  would  be 
useful  for  practical  calculations.  Such  an  estimate  is  obtained 
immediately  with  the  aid  of  the  principle  of  contracting  mappings. 
However,  this  method  is  hot  found  in  handbooks  and  texts  on  vibra¬ 
tion  theory,  and  this  is  the  reason  for  the  present  article. 
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In  this  article  we *8.olve  the  problem  of  forced  axisymmetric 
vibrations  of  a  circular  thick  plate  under  the  influence 
of  uniformly  distributed  normal  forces  which  are  harmonic 
ti me  functions  applied  to  one  of  the  faces  of  the  plate. 

Tiw  boundary  conditions  on  the  faces  are  satisfied  exactly. 
Satisfaction  of  the  boundary  conditions  at  the  side  surfaces 
reduces  to  calculating  the  coefficients  In  the  expansion  of 
the  displacements  into  series  of  functions  of  tne  z  coordi¬ 
nate,  where  oz  is  the  axis  of  symmetry. 
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In  preceding  papers  a  study  of  the  effect  of  preliminary 
plastic  deformation  on  the  yield  limit  of  low  and  medium 
carbon  steel  established  that  the  shape  of  the  yield 
limit  is  independent  of  the  loading  path,  and  is  a  circle 
on  the  Il’yushin  plane  expanding  and  displacing  in  the 
direction  of  the  preliminary  plastic  deformation.  In  the 
present  paper,  we  present  the  results  of  a  study  of  the 
effect  of  preliminary  plastic  deformation  on  the  yield 
limit  of  annealed  technical  copper. 
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In  the  present  paper,  we  present  the  results  of  a  study  of  the 
effect  of  large  preliminary  plastic  deformations  and  natural  aging 
on  the  yield  limit.  For  the  experiments  we  used  four  groups  of  so- 
called  "gagarin"  specimens  of  annealed  St.  20  steel.  The  (three) 
specimens  of  the  first  group  were  tested  in  tension  to  determine 
the  basic  mechanical  properties  of  this  steel.  All  27  specimens  of 
the  second  group  were  stretched  to  a  given  equation.  After  unload¬ 
ing  and  recording  the  new  dimensions,  3  samples  of  the  first  sub¬ 
group  were  again  stretched  up  to  failure  on  the  same  day.  Each  of 
the  three  specimens  of  succeeding  subgroups  were  stretched  up  to 
failure,  after  aging  for  a  period  of  one  to  two  months  etc.  All  27 
specimens  of  the  third  group  were  subjected  to  preliminary  stretch¬ 
ing  to  a  given  equation  and  all  the  specimens  of  the  fourth  group 
were  stretched  to  a  given  equation.  After  unloading  the  correspond¬ 
ing  subgroups  of  these  groups  of  specimens  were  subjected  to  the 
same  operations  as  were  the  corresponding  subgroups  of  the  second 
group.  The  test  results  are  shown  in  a  figure  and  are  described 
satisfactorily.  In  this  case  the  parameter  A  remains  constant, 
equal  to  0.31,  and  its  valueq  are  shown  by  the  triangles  in  a 
figure.  Thus,  we  find  that  the  extent  of  the  maximal  expansion  of 
the  yield  limit  for  natural  aging  depends  not  only  on  the  magnitude 
of  the  preliminary  plastic  deformation,  but  also  on  the  steel  grade, 
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Hoff  showed  the  practical  value  of  the  concept  in  which  failure 
time  is  determined  from  an  analysis  of  the  unbounded  quasi- 
viscous  flow  of  a’  body.  Discussion  and  literature  references 
on  the  problem  of  "viscous"  failure  are  presented.  One  of  the 
most  important  practical  problems  of  this  kind  is  that  of  tube 
failure,  Kats  found  the  time  for  viscous  failure  of  a  tube 
under  the  influence  of  the  internal  pressure  p.  A  more  general 
prdblem  in  which  the  load  is  made  up  of  the  internal  pressure  p 
and*  the  axial  force  P  is  considered. 
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Tubular  specimens  were  prepared  from  55-mm-diameter  annealed 
rods.  A  plane  stress  state  at  points  of  the  specimen  cross 
section  was  created  by  simultaneous  application  of  an  axial 
force  and  internal  pressure.  The  axial  force  was  measured 
to  within  plus  or  minus  i  percent,  the  internal  pressure  to 
within  1  kg/cm (superscript  2).  The  longitudinal  and  trans¬ 
verse  deformations  of  the  specimen  were  measured  by  wire  re¬ 
sistance  pickups  with  base  lengths  24  mm  and  bridge  ampli¬ 
fiers.  In  order  to  account  for  the  possible  slight  eccentri¬ 
city  in  the  specimen  installation,  the  longitudinal  gages 
were  mounted  along  two  opposite  generators. 
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The  present  article  is  an  extension  of  the  description  of  the 
results  of  an  optical  polarization  study  of  thick-wall  cylin¬ 
drical  vessels.  The  purpose  of  the  study  is  to  obtain  the 
most  complete  possible  description  of  the  stress  state  as  a 
function  of  the  values  of  the  parameters  characterizing  the 
vessel  geometry. 
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Tlie  yield  condition  expressed  in  tefms  of  forces  and  moments 
(“finite  relation")  is  of  fundamental  importance  in  the  theory 
of  limit  equilibrium  of  ideally  plastic  shells.  At  the  present 
time  these  finite  relations  have  been  formulated  for  the  cases 
of  'the  Mi3es  medium  and  for  the  Tresca-SajLht  medium,  and  also 
for  certain  other  types  of  clastic  media.  These  finite  rela¬ 
tions  (within  ■yie  framework  of  the  usual  hypothesis  of  thin 
shell  theory  t)Jey  may  be  considered  as  exact  relations)  have  a 
very  complex  structure.  In  this  connection  considerable  atten¬ 
tion  has  also  been  devoted  to  the  question  of  the  approximation 
of  these  exact  yield  conditions  by  means  of  relatively  simple 
surfaces  which  are  more  convenient  for  application. 
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